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Abstract. Many problems arising in real geometry can be formulated
as first-order formulas. Thus quantifier elimination can be used to solve
these problems. In this note, we discuss the applicability of implemented
quantifier elimination algorithms for solving geometrical problems. In
particular, we demonstrate how the tools of redlog can be applied to
solve a real implicitization problem, namely the Enneper surface.
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Introduction

Since Tarski introduced the ﬁrst quantiﬁer elimination algorithm for the real
numbers in the 1930’s (cf. [21]), several other algorithms have been developed.
Only some of them are implemented and widely available. Among them there
are, for instance, the quantiﬁer elimination by partial cylindrical algebraic decomposition implemented in the C-program qepcad, the quantiﬁer elimination
by real root counting implemented in the module qerrc within the Modula II
computer algebra system mas and the quantiﬁer elimination by virtual substitution implemented in the reduce-package redlog. Whereas qepcad and qerrc
provide a complete quantiﬁer elimination procedure, the quantiﬁer elimination
of redlog is restricted in the degree of the quantiﬁed variables.
The naive approach to use one of the implemented quantiﬁer elimination
algorithms for solving a problem often fails in practice. Firstly, the programs
can fail due to the limitations of computing time and memory. Secondly, the
chosen quantiﬁer elimination algorithm may not be able to handle the wanted
class of problems.
Nevertheless it is possible to solve non-trivial problems using the implemented quantiﬁer elimination algorithms. In general this requires both a combination of the available algorithms and a careful formulation of the problem as a
ﬁrst-order formula according to the chosen quantiﬁer elimination method.
We give solutions of problems cited in the literature and compare the results of the diﬀerent elimination procedures. In particular we discuss the real
implicitization of the Enneper surface.
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The General Framework

We consider multivariate polynomials f (u, x) with rational coeﬃcients, where
u = (u1 . . . , um ) and x = (x1 , . . . , xn ). We call u parameters and we call x
main variables. Atomic formulas are polynomial equations f = 0, polynomial
inequalities f  0, f  0, f > 0, f < 0, and f = 0. Quantifier-free formulas
are built from atomic formulas by combining them with the boolean connectors “¬,” “∧,” and “∨.” Existential formulas are of the form ∃x1 . . . ∃xn ψ(u, x),
where ψ is a quantiﬁer-free formula. Similarly, universal formulas are of the form
∀x1 . . . ∀xn ψ(u, x). A prenex first-order formula has several alternating blocks of
existential and universal quantiﬁers in front of a quantiﬁer-free formula, the
matrix of the prenex formula.
The real quantifier elimination problem can be phrased as follows: Given a
formula ϕ, ﬁnd a quantiﬁer-free formula ϕ such that both ϕ and ϕ are equivalent
in the domain of the real numbers. A procedure computing such a ϕ from ϕ is
called a real quantifier elimination procedure.
A background theory is a set of atomic formulas considered conjunctive. Two
formulas ϕ and ϕ are equivalent wrt. a background theory Θ, if and only if


∀
Θ −→ (ϕ ←→ ϕ ) ,
where ∀ denotes the universal closure. Notice, that the formula x2 − x = 0
contained in a background theory, does not imply a multiplicative idempotency
law, but only describes an equation for the variable x.
A generic quantiﬁer elimination procedure assigns to a formula ϕ a quantiﬁerfree formula ϕ and a background theory Θ , such that ϕ and ϕ are equivalent
wrt. the background theory Θ . The computed background theory contains only
negated equations. Hence the set
 



a ∈ Rm  ¬ ϕ (a) ←→ ∃xϕ(a, x)
has measure zero. Notice, that each quantiﬁer elimination procedure provides
also a generic quantiﬁer elimination assigning ∅ to Θ . However, the computation
of an appropriate Θ leads in many cases to simpler quantiﬁer-free equivalents
and results in a considerable speed-up of the running times. Moreover, in the
framework of automatic proving in real geometry generic quantiﬁer elimination
allows us to ﬁnd suﬃcient conditions automatically, cf. [13] for details.

3

Quantifier Elimination Methods

In this section we sketch the three most important implemented quantiﬁerelimination algorithms. For a more detailed overview over these
algorithms, cf. [14].
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Quantifier Elimination by Partial Cylindrical Algebraic
Decomposition

Cylindrical algebraic decomposition (cad), cf. [6,1], is the oldest and most elaborate implemented real quantiﬁer elimination method. It has been developed
by Collins and his students starting in 1974. During the last 10 years particularly Hong made very signiﬁcant theoretical contributions that improved the
performance of the method dramatically, cf. [16,17], resulting in partial cad,
cf. [7]. Hong has implemented partial cad in his program qepcad based on
the computer algebra C-library saclib. qepcad is not oﬃcially published but
available from Hong on request. Brown has contributed the latest very successful
improvements to the algorithm, cf. [4]. Unfortunately, the improved version was
not available when we made the computations for this article.
We sketch the basic ideas of cad: Suppose we are given an input formula
ϕ(u1 , . . . , um ) ≡ Q1 x1 . . . Qn xn ψ(u1 , . . . , um , x1 , . . . , xn ),

Qi ∈ {∃, ∀}.

Let F be the set of all polynomials occurring in ψ as left hand sides of atomic
formulas. Call C ⊆ Rm+n sign invariant for F , if every polynomial in F has
constant sign on all points in C. Then ψ(c) is either “true” or “false” for all
c ∈ C.
Suppose we have a ﬁnite sequence Π1 , . . . , Πm+n with the following properties:
1. Each Πi is a ﬁnite partition of Ri into connected semi-algebraic cells. For
1  j  n each Πm+j is labeled with Qj .
2. Πi−1 consists for 1 < i  m + n exactly of the projections of all cells in
Πi along the coordinate of the i-th variable in (u1 , . . . , um , x1 , . . . , xn ). For
each cell C in Πi−1 we can determine the preimage S(C) ⊆ Πi under the
projection.
3. For each cell C in Πm we know a quantiﬁer-free formula δC (u1 , . . . , um )
describing this cell.
4. Each cell C in Πm+n is sign invariant for F . Moreover for each cell C in
Πm+n , we are given a test point tC in such a form that we can determine
the sign of f (tC ) for each f ∈ F and thus evaluate ψ(tC ).
A quantiﬁer-free equivalent for ϕ is obtained as the disjunction of all δC for
which C in Πm is valid in the following recursively deﬁned sense:
1. For m  i < m + n, we have that Πi+1 is labeled:
(a) If Πi+1 is labeled “∃,” then C in Πi is valid if at least one C  ∈ S(C) is
valid.
(b) If Πi+1 is labeled “∀,” then C in Πi is valid if all C  ∈ S(C) are valid.
2. A cell C in Πm+n is valid if ψ(tC ) is “true.”
Partial cylindrical algebraic decomposition (pcad) is an improved version of
cad. It takes the boolean structure of the input formula into account. cad and
also pcad is doubly exponential in the number of all variables.
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Quantifier Elimination by Virtual Term Substitution

The virtual substitution method dates back to a theoretical paper by Weispfenning in 1988, cf. [22]. During the last ﬁve years a lot of theoretical work has been
done to improve the method, cf. [18,23,11]. The method is implemented within
the reduce package redlog by the author and Sturm, cf. [10].
The applicability of the method in the form described here is restricted to
formulas in which the quantiﬁed variables occur at most quadratically. Moreover
quantiﬁers are eliminated one by one, and the elimination of one quantiﬁer can
increase the degree of other quantiﬁed variables. On the other hand there are
various heuristic methods included for decreasing the degrees during elimination.
One obvious example for such methods is polynomial factorization.
For eliminating the quantiﬁers from an input formula
ϕ(u1 , . . . , um ) ≡ Q1 x1 . . . Qn xn ψ(u1 , . . . , um , x1 , . . . , xn ),

Qi ∈ {∃, ∀}

the elimination starts with the innermost quantiﬁer regarding the other quantiﬁed variables within ψ as extra parameters. Universal quantiﬁers are handled by
means of the equivalence ∀xψ ←→ ¬∃x¬ψ. We may thus restrict our attention
to a formula of the form
ϕ∗ (u1 , . . . , uk ) ≡ ∃xψ ∗ (u1 , . . . , uk , x),
where the um+1 , . . . , uk are actually xi quantiﬁed from further outside.
We ﬁx real values a1 , . . . , ak for the parameters u1 , . . . , uk . Then all polynomials occurring in ψ ∗ become linear or quadratic univariate polynomials in x
with real coeﬃcients. So the set
M = { b ∈ R | ψ ∗ (a1 , . . . , ak , b) }
of all real values b of x satisfying ψ ∗ is a ﬁnite union of closed, open, and halfopen intervals on the real line. The endpoints of these intervals are among ±∞
together with the real zeros of the linear and quadratic polynomials occurring
in ψ ∗ .
Candidate terms α1 , . . . , αr for the zeros can be computed uniformly in u1 ,
. . . , uk by the solution formulas for linear and quadratic equations. For open and
half-open intervals, we add expressions of the form α ± ε, where α is a candidate
solution for some left-hand side polynomial. The symbol ε stands for a positive
inﬁnitesimal number. Together with the formal expressions ∞ and −∞ all these
candidate terms form an elimination set. This means M is non-empty if and only
if the substitution of at least one element of the elimination set satisﬁes ψ ∗ . After
substitution of formal expressions possibly involving square roots, ε, or ±∞,
we rewrite the substitution result in such a way that it does not contain any
fractions nor one of these special symbols. This process of substituting a term and
rewriting the formula is called virtual substitution. By disjunctively substituting
all candidates into ψ ∗ we obtain a quantiﬁer-free formula equivalent to ∃xψ ∗ .
For practical applications this method, of course, has to be reﬁned by a
careful selection of smaller elimination sets and by a combination with powerful
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simpliﬁcation techniques for quantiﬁer-free formulas, cf. [11] for details. There
is a variant of the virtual substitution method for generic quantiﬁer elimination,
cf. [13].
Quantiﬁer elimination by virtual substitution is doubly exponential in the
number of quantiﬁer blocks but only singly exponential in the number of quantiﬁed variables. The number of parameters only plays a minor role in the complexity.
3.3

Quantifier Elimination by Real Root Counting

The basis for this quantiﬁer elimination method is a theorem on real root counting found independently by Becker and Wörmann, cf. [2,3], and Pedersen, Roy,
and Szpirglas, cf. [19,20]. It is based on a result for counting real zeros of univariate polynomials found by Hermite, cf. [15].
Let I ⊆ R[x1 , . . . , xn ] be a zero-dimensional ideal.
 For g ∈ R[x
 1 , . . . , xn ]
consider the symmetric quadratic form Qg = trace(mgbi bj ) 1i,jd on
the linear R-space S = R[x1 , . . . , xn ]/I, where {b1 , . . . , bd } ⊆ S is a basis,
and the mh : S → S are linear maps defined by mh (f + I) = (hf ) + I.
Let s be the signature of Qg , and denote by n+ and n− the number of real
roots of I at which g is positive or negative, respectively. Then n+ −n− =
s.
The use of a Gröbner basis of the ideal I allows to obtain a basis of S, and to
perform arithmetic there, cf. [5], thus obtaining the matrix Qg .
This approach can be extended to obtain the exact number of roots under a
side condition, and can be moreover extended to several side conditions:
Let F , {g1 , . . . , gk } ⊆ R[x1 , . . . , xn ] be finite, and assume that I = Id(F )
is zero-dimensional. Denote by N the number of real roots a ∈ Rn of F
for which gi > 0 for 1  i  k. Define
Γ ({g1 , . . . , gk }) = { g1e1 · · · gkek | (e1 , . . . , ek ) ∈ {1, 2}k }.
Then defining Qg as above we have 2k N =

γ∈Γ ({g1 ,...,gk })

sig(Qγ ).

For real quantiﬁer elimination, this root counting has to be further extended
to multivariate polynomials with parametric coeﬃcients in such a way that it
will remain correct for every real specialization of the parameters including specializations to zero. This task has been carried out by Weispfenning using comprehensive Gröbner bases, cf. [24].
The case of ideals that have a dimension greater than 0 is handled by recursive calls of the approach for zero-dimensional ideals: We construct from one
polynomial system several polynomial systems in such a way, that each of the
systems has either a smaller number of variables or a smaller dimension.
The complete method has been implemented by the author within the package qerrc of the computer algebra system mas, cf. [9]. A variant for generic
quantiﬁer elimination is under development.
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Simplification Methods

Simplification of formulas means to compute to a given formula an equivalent
one, which is simpler. The simpliﬁcation of the input formulas and intermediate
results are very important for a successful application of quantiﬁer elimination by
virtual substitution and for quantiﬁer elimination by real root counting. qepcad
does not depend heavily on simpliﬁcation of formulas, because formulas are
used only for input and output. For a detailed description of the simpliﬁcation
algorithms sketched in this section and a discussion of the notion of simple
formulas, cf. [11].
4.1

The Standard Simplifier

The standard simplifier is a fast, though sophisticated, simpliﬁer for quantiﬁerfree formulas. It was developed for the implementation of the quantiﬁer elimination by virtual term substitution in the redlog package. The standard simpliﬁer
was designed to be called very often, for instance, after each elimination step.
Beside the simple methods to remove boolean constants and to keep only one of
a set of identical subformulas, it implements three main strategies:
Firstly, it simpliﬁes the atomic formulas. All right hand side of atomic formulas are normalized to zero. The left hand side polynomials are normalized to be
primitive over Z in such a way that the highest coeﬃcient wrt. a ﬁxed term order
is positive. Furthermore, we drop irrelevant factors of the polynomials. Trivial
square sums are detected to be greater than zero or not less than zero, respectively. Optionally, we explode atomic formulas by decomposing the polynomial
additively or multiplicatively.
Secondly, smart simpliﬁcation is applied to conjunctions and disjunctions of
atomic formulas: Each pair of atomic formulas involving identical left-hand sides,
is replaced by “true,” “false,” or by one atomic formula using an appropriate
relation. Similarly, this method can be applied to some pairs of atomic formulas
which diﬀers only in the absolute summand of the left-hand side polynomial.
Thirdly, the techniques used for the smart simpliﬁcation of ﬂat formulas are
applied to nested formulas. This is done by constructing an implicit background
theory for each boolean level of the formula.
The standard simpliﬁer oﬀers the option to simplify a formula wrt. a background theory. The output formula is then equivalent to the input formula
wrt. the given background theory.
4.2

Simplification of Boolean Normal Forms

For the simpliﬁcation of boolean normal forms we use two further techniques
additionally to the techniques used in the standard simpliﬁer.
The generalized subsumption allows us to drop conjunctions of a cnf: Let ti
terms and ϕi , ρi , ρi ∈ {<, , =, , , >}. Then
(t1 ρ1 0 ∧ . . . ∧ tn ρn 0) ∨ (t1 ρ1 0 ∧ . . . ∧ tn ρn 0 ∧ . . .)
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can be simpliﬁed to (t1 ρ1 0 ∧ . . . ∧ tn ρn 0), if ti ρi 0 −→ ti ρi 0.
The generalized cut combines two conjunctions combined disjunctively into
one conjunction: if (ti ρi 0 ∨ ti ρi 0) ←→ ti σi 0 then the disjunction
(t1 ρ1 0 ∧ t2 ρ2 0 ∧ . . . ∧ tn ρn 0) ∨ (t1 ρ1 0 ∧ t2 ρ2 0 ∧ . . . ∧ tn ρn 0)
can be simpliﬁed to (t1 σ1 0 ∧ t2 ρ2 0 ∧ . . . ∧ tn ρn 0). In our implementation, not all possible applications of the generalized cut and the generalized
subsumption are performed. We only apply the simpliﬁcations in cases, where the
respective implication can be decided independently of the terms ti . Analogous
simpliﬁcation rules hold for conjunctions of disjunctions.
4.3

The Gröbner Simplifier

The Gröbner simplifier is an advanced method for the simpliﬁcation of boolean
normal forms. The main technique used for this method is the computation of a
Gröbner basis for deciding the ideal membership test, cf. [5]. Let F be a set of
polynomials and G a Gröbner basis of F . Then the Gröbner simpliﬁer replaces




f =0∧
h ρh 0 by
f =0∧
NfG (h) ρh 0.
f ∈F

h∈H

f ∈G

h∈H

Using a radical membership test, we can optionally replace the input formula by
false, if h ∈ Rad(F ) and ρh ∈ {<, =, >}.
There is, of course, a variant which simpliﬁes disjunctions of atomic formulas. Conjunctive and disjunctive normal forms are simpliﬁed essentially by
applying the Gröbner simpliﬁer to each of the constituents. Additionally there
are strategies to relate information contained in diﬀerent constituents. For the
simpliﬁcation of an arbitrary formula, we compute a cnf or a dnf ﬁrst. We
have implemented a variant of the Gröbner simpliﬁer which automatically decides, whether to compute a cnf or a dnf. This decision is based on a heuristic
for estimating which of the normal forms is larger. Like the standard simpliﬁer
the Gröbner simpliﬁer can simplify a formula wrt. a background theory.
Although the Gröbner simpliﬁer operates on a boolean normal form, we consider it as a general simpliﬁcation method. It turned out that in many cases the
result of the Gröbner simpliﬁcation is simpler than the input formula.
We illustrate the technique by means of a very simple example: Consider the
input formula xy + 1 = 0 ∨ yz + 1 = 0 ∨ x − z = 0, which can be rewritten as
xy + 1 = 0 ∧ yz + 1 = 0 −→ x − z = 0.
Reducing the conclusion modulo the Gröbner basis {x−z, yz+1} of the premises,
we obtain the equivalent formula xy + 1 = 0 ∧ yz + 1 = 0 −→ 0 = 0, which can
in turn be easily simpliﬁed to “true.”
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The Tableau Method

Although the standard simpliﬁer combines information located on diﬀerent levels, it preserves the basic boolean structure of the formula. The Gröbner simpliﬁer computes a boolean normal from and thus it changes the boolean structure
completely. The tableau method, in contrast, provides a technique for changing
the boolean structure of a formula slightly by constructing case distinctions.
There are three variants of tableau simpliﬁers:
Given a formula ϕ and a term t the tableau simplifier constructs the following
case distinction:
(t = 0 ∧ ϕ) ∨ (t > 0 ∧ ϕ) ∨ (t < 0 ∧ ϕ).
This formula is then simpliﬁed with the standard simpliﬁer. Even though the
constructed case distinction is about three times larger than the original formula,
in some cases the simpliﬁed equivalent is much smaller than the original formula.
The iterative tableau simplifier chooses automatically an appropriate term t
by trying all terms contained in ϕ. The result is then either the original formula
or the best result obtained by the tableau simpliﬁer, depending on which one is
simpler. The automatic tableau simplifier applies the iterative tableau as long as
the output is simpler than the input.

5

REDLOG

redlog is a reduce package implementing a computer logic system, cf. [10]. It
provides algorithms to deal with ﬁrst-order logic formulas over various languages
and theories. Beside the theory of real closed ﬁelds there are algorithms for the
theory of discretely valued ﬁelds [12] and algebraically closed ﬁelds. redlog
provides an implementation of the quantiﬁer elimination by virtual substitution
including variants for generic quantiﬁer elimination, extended quantiﬁer elimination, and linear optimization using quantiﬁer elimination techniques. There
are also interfaces to qepcad and qerrc available such that these packages can
be called from redlog and the results are available to be further processed.
All simpliﬁcation algorithms discussed in this note are available in redlog. Besides these important algorithms redlog provides many tools for normal form
computations, constructing, analyzing, and decomposing formulas. The redlog
source code and documentation are freely available on the www.1

6

Examples

By means of examples we discuss in this section the applicability of quantiﬁer elimination to some problems taken from various scientiﬁc research areas.
We compare the timings of the three considered implementations. Furthermore
1

http://www.fmi.uni-passau.de/~redlog/
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we will give some hints, how to apply quantiﬁer elimination, even if the naive
approach fails.
In this section we allow ourselves to use not only prenex formulas but also
general ﬁrst-order formulas, i.e. boolean combinations of prenex formulas. Furthermore, we use the implication ⇒ and the equivalence ⇔ inside formulas.
Notice, that these general formulas can be easily transformed in prenex formulas containing only the boolean connectors ∧ and ∨.
All example computations mentioned in this section have been performed on
a sun Ultra 1 Model 140 workstation using 32 MB of memory.
6.1

Real Implicitization

For n < m let f : Rn → Rm be a rational map with the component functions pi /q, where pi , q ∈ R[x1 , . . . , xn ] for 1  i  m. The image f (Rn ) of f is a
deﬁnable and hence semi-algebraic subset of Rm described by the formula
m



∃x1 . . . ∃xn q(x1 , . . . , xn ) = 0 ∧
pi (x1 , . . . , xn ) = ui q(x1 , . . . , xn ) .
i=1

Our aim is to obtain a quantiﬁer-free description of f (Rn ) in the
variables u1 , . . . , um , preferably a single equation, which would provide an implicit deﬁnition of f .
Example 1. Descartes’ folium d : R → R2 is given by the component functions
3x1 /(1 + x31 ) and 3x21 /(1 + x31 ) for u1 and u2 , cf. [8]. For obtaining an implicit
form we apply quantiﬁer elimination to


∃x1 1 + x31 = 0 ∧ 3x1 = u1 (1 + x31 ) ∧ 3x21 = u2 (1 + x31 ) .
qepcad obtains after 1 s the result u31 − 3u1 u2 + u32 = 0. qerrc obtains
after 1.6 s an elimination result with 7 atomic formulas. This can be automatically simpliﬁed to the qepcad result using the Gröbner simpliﬁer. redlog fails
on this example due to a violation of the degree restrictions. After simplifying
the matrix of the formula with the Gröbner simpliﬁer for cnf’s we can eliminate
the quantiﬁer with redlog. The output formula computed in 0.3 s contains 21
atomic formulas.
Example 2. The Whitney Umbrella is given by
(x1 , x2 ) → (x1 x2 , x2 , x21 ).
qepcad produces in 1 s the result u3  0 ∧ −u21 + u22 u3 = 0. Quantiﬁer elimination by virtual substitution (qevts) produces in 0.01 s the much longer result
u3  0 ∧ (u21 − u22 u3 = 0 ∧ u1 u2  0 ∨ u21 − u22 u3 = 0 ∧ u1 u2  0).
However, including a Gröbner simpliﬁcation we yield in 0.03 s the same result as
produced by qepcad. Using qerrc we get the following quantiﬁer-free equivalent in 0.8 s:
u2 = 0 ∧ −u21 + u22 u3 = 0 ∨ u1 = 0 ∧ u2 = 0 ∧ u3 + 1 = 0 ∧ u3  0.
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Automatic Theorem Proving in Geometry

Example 3 (Steiner-Lehmus theorem, variant). Assume that ABC is a triangle
such that AB > AC. Then the angle bisector from B to AC is longer than the
angle bisector from C to AB (i.e., the longer bisector goes to the shorter side).
In its original form, the Steiner-Lehmus theorem states that any triangle with
two equal internal bisectors is isosceles. Its contrapositive follows immediately
from the variant above.
We put A = (−1, 0), B = (1, 0), and C = (x0 , y0 ) with y0 > 0. By M = (0, b)
we denote the center and by c the radius of the circumcircle.
The bisectors are constructed using the geometrical theorem proved as Example 4: Let V = (0, b − c) be the point below the x-axis on the circumcircle
having equal distance to A and B. Then the angle bisector from C to AB is
obtained as CX, where X = (x, 0) is the intersection of CV and AB. The angle
bisector from B to AC is obtained analogously: Let W = (x1 , y1 ) be the point
on the circumcircle with equal distance to A and C lying “west” of the line AC.
Let Y = (x2 , y2 ) be the intersection of BW and AC. Then the angle bisector
is BY .
Our algebraic translation obtained this way reads as follows:

∀b∀c∀x∀x1 ∀y1 ∀x2 ∀y2 y1 (x0 + 1) > x1 y0 ∧ y0 > 0 ∧ c > 0 ∧


c2 = 1 + b2 ∧ c2 = x20 + (y0 − b)2 ∧ x y0 + (c − b) = x0 (c − b) ∧
x21 + (y1 − b)2 = c2 ∧ (x1 + 1)2 + y12 = (x1 − x0 )2 + (y1 − y0 )2 ∧
(x1 − 1)y2 = y1 (x2 − 1) ∧ (x0 + 1)y2 = y0 (x2 + 1) ∧

4 > (x0 + 1)2 + y02 −→ (x − x0 )2 + y02 < (x2 − 1)2 + y22 .
Using qevts we obtain after 74 s an elimination result ϕ∗ containing 243 atomic
formulas together with the subsidiary conditions
ϑ∗ ≡ x20 + 2x0 + y02 + 1 = 0 ∧
x20 − 2x0 + y02 − 3 = 0 ∧ x0 + 1 = 0 ∧ x0 = 0 ∧ y0 = 0.
qepcad proves within 250 s that ϑ∗ −→ ϕ∗ , while qevts, qerrc fail doing so.
Example 4. Let M be the center of the circumcircle of a triangle ABC. Then
∠ACB = ∠AM B/2 (see Figure 1).
Choosing coordinates A = (−a, 0), B = (a, 0), C = (x0 , y0 ), and M = (0, b)
and encoding angles into tangents, an algebraic translation of this problem reads
as follows:

∀x∀t1 ∀t2 ∀t∀b c2 = a2 + b2 ∧ c2 = x20 + (y0 − b)2 ∧

y0 t1 = a + x0 ∧ y0 t2 = a − x0 ∧ (1 − t1 t2 )t = t1 + t2 −→ bt = a .
Both qepcad and qerrc fail on this input. qevts together with the Gröbner
simpliﬁer yields after 0.06 s the quantiﬁer-free equivalent a = 0 ∨ x0 = 0 ∨ y0 = 0
containing non-degeneracy conditions for the triangles.
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Fig. 1. The angle at circumference is half the angle at center (Example 4).
The generic variants of qevts and qerrc produce “true” as a quantiﬁer-free
equivalent wrt. the background theory {y = 0}. This computation takes 0.02 s
with qevts and 2 s with qerrc.
6.3

The Enneper Surface

The Enneper surface is deﬁned parametrically by
x = 3u + 3uv 2 − u3

y = 3v + 3u2 v − v 3

z = 3u2 − 3v 2 ,

cf. [8]; in other words as the image of the function
f : C2 −→ C3

with f (u, v) = (3u + 3uv 2 − u3 , 3v + 3u2 v − v 3 , 3u2 − 3v 2 ).

The smallest variety V containing the Enneper surface is given by the polynomial
p(x, y, z) = 19683x6 − 59049x4y 2 + 10935x4z 3 + 118098x4z 2 − 59049x4z +
59049x2y 4 + 56862x2y 2 z 3 + 118098x2y 2 z + 1296x2 z 6 +
34992x2z 5 + 174960x2z 4 − 314928x2z 3 − 19683y 6 + 10935y 4z 3 −
118098y 4z 2 − 59049y 4z − 1296y 2z 6 + 34992y 2z 5 − 174960y 2z 4 −
314928y 2z 3 − 64z 9 + 10368z 7 − 419904z 5.
Using Gröbner bases techniques it is easy to proof that over the complex numbers
the image of f is identical to the complete complex variety V . The real Enneper
3
surface is given by the restriction f R
R2 . The question is whether the real Enneper
surface is identical to the real variety of p.
This problem can be easily stated as a real quantiﬁer elimination problem.
A ﬁrst-order description of the real image of f is given by


ϕ ≡ ∃u∃v x = 3u + 3uv 2 − u3 ∧ y = 3v + 3u2 v − v 3 ∧ z = 3u2 − 3v 2 .
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Using this formula the complete problem can be stated as
∀x∀y∀z(ϕ(x, y, z) ⇔ p(x, y, z) = 0).
It turns out, that none of the quantiﬁer elimination algorithms considered in
this paper can eliminate all the quantiﬁers of the above formula. Actually, none
of the implementations is able to ﬁnd a quantiﬁer-free equivalent to ϕ. In the
next paragraphs we will describe how to tackle the problem with the quantiﬁer
elimination algorithms and the tools available in the redlog system.
In a ﬁrst step we compute a quantiﬁer-free equivalent to ϕ. With the implementation of the virtual substitution method we can eliminate one of the
existential quantiﬁers of ϕ. The solutions of eliminating u or eliminating v are
up to a simple substitution identical. We start with the elimination of v and
obtain in 0.2 s the result


∃u v4  0 ∧ (v1 = 0 ∧ v2 = 0 ∧ v3  0 ∨ v1 = 0 ∧ v2 = 0 ∧ v3  0)
where
v1 := 108u6 + 324u4 − 9u2 z 2 − 54u2 z + 243u2 − 27y 2 − z 3 − 18z 2 − 81z,
v2 := 2u3 − uz + 3u − x,
v3 := 6u2 y + yz + 9y,
v4 := 3u2 − z.
Applying the generalized cut to both constituents of the disjunction, we obtain
the formula:


∃u v4  0 ∧ v1 = 0 ∧ v2 = 0 .
redlog produces this formula by computing a disjunctive normal form. After
this simpliﬁcation only the package qerrc can eliminate the remaining quantiﬁer, but the obtained elimination result ϕ is very large. Though it has only 81
atomic formulas a textual representation contains approximately 500 000 characters.
However, we have found a quantiﬁer-free description of the image of the
function describing the Enneper surface. One of the atomic formulas contained
in the result is the equation p = 0. But this fact does not imply any direction of
the equivalence we want to prove.
The obtained result is in fact to large, to eliminate the universal quantiﬁers
from


∀x∀y∀z ϕ(x, y, z) ⇔ p(x, y, z) = 0
with one of our quantiﬁer elimination procedures. Actually, we are not able to
eliminate at least one universal quantiﬁer. Thus we use redlog to simplify ϕ .
An analysis of the formula yields that the result formula is a disjunction of
nine subformulas. Five of these nine are simply conjunctions of atomic formulas
and the remaining four subformulas are essentially conjunctive normal forms.
For a simpliﬁcation of the formula we thus simplify each constituent of
the top-level disjunctions with the Gröbner simpliﬁer for conjunctive normal
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forms. In a ﬁrst step, we take the Gröbner simpliﬁer without a factorization
of atomic formulas. In a second step we use the Gröbner simpliﬁer with the
automatic factorization option twice for each constituent of the top-level disjunction. After these simpliﬁcation we obtain a formula with 50 atomic formulas
and about 30000 characters. All these simpliﬁcations takes 434 s.
The automatic tableau method can simplify some of the resulting conjunctive
normal forms in about 1 s. After these simpliﬁcations we get a disjunction of
eight conjunctive normal forms. From these eight conjunctive normal forms are
six pure conjunctions of atomic formulas. The two other ones are conjunctions
containing atomic formulas and only one disjunction of two atomic formulas.
Using the equivalents
(α  0 ∨ β = 0) ←→ (α · β 2  0) and (α = 0 ∨ β = 0) ←→ (α · β = 0)
we can simplify the formula to a disjunctive normal form ψ with constituents ψi .
Let Θi be the set of atomic formulas of ψi . Using the Gröbner simpliﬁer we
can simplify p = 0 wrt. the theory Θi to “true.” This means that ψi −→ p = 0
and hence ψ −→ p = 0.
Using a tool of redlog, which counts the frequencies of all included atomic
formulas we analyze our result. The most frequently occurring atomic formulas
in ψ are
x = 0, y = 0, z − 3 = 0, and z = 0
each of them with more than three occurrences.
This observation suggests, that we should study a special case of the implication. For arbitrary formulas Ψ , Γ and formulas α1 , . . . , αn with α1 ∧ · · · ∧ αn
contradictive the following equivalence holds:
(Ψ ⇒ Γ ) ←→ (α1 ∧ · · · ∧ αn ) ∨ (Ψ ⇒ Γ )
←→ (¬α1 ∧ Ψ ) ⇒ Γ ) ∧ . . . ∧ (¬αn ∧ Ψ ) ⇒ Γ )
←→ (¬α1 ⇒ (Ψ ⇒ Γ ) ∧ . . . ∧ (¬αn ⇒ (Ψ ⇒ Γ )).
Using x = 0, y = 0, z = 0, z = 3, and (x = 0 ∨ y = 0 ∨ z = 0 ∨ z = 3) for
the αi we can split our implication in a conjunction of ﬁve implications. Four of
them include simple equations for one of the variables.
For proving the cases including an equation we substitute the values 0 and 3
for the respective variable in the formula p = 0 ⇒ ψ and then we eliminate the
universal closure of the substitution result. The timings for this elimination are
summarized in Table 1. The elimination result is in all cases “true.”
After we have checked the special cases, we can exclude these cases by simplifying the formula ψ with respect to the theory {x = 0, y = 0, z = 0, z = 3}. This
yields a disjunction of two conjunctions. One of the remaining constituents is
contradictive as shown by the elimination of the existential closure with qevts
in 0.8 s. Neither qepcad nor qerrc are able to prove this fact. The remaining
constituent is a conjunction β1 ∧ · · · ∧ β4 of atomic formulas, where β1 is the
equation p = 0. Instead of proving the complete implication, which is not possible with our quantiﬁer elimination procedures, we prove p = 0 ⇒ βi for each
atomic formula βi in the conjunction. The ﬁrst implication holds trivially.
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Table 1. Elimination times for the special cases.
x=0 y=0z=0z=3
qevts failed 0.7 s 0.1 s failed
qepcad 1.0 s 23.0 s 1.0 s 1.0 s

While trying to eliminate one of the quantiﬁers redlog applies a heuristic
to decrease the degree of the variables x and y. Namely, it replaces each occurrence of x2 , and y 2 by x and y respectively, adding the additional premise
x > 0 ∧ y > 0. Finally the quantiﬁer elimination fails. However, after the degree
reduction qepcad is able to eliminate all universal quantiﬁer. For the elimination it is necessary to give the quantiﬁers in the order ∀z∀y∀x. Altogether
the three eliminations take 34 s. All results are “true” and thus we have ﬁnally
proven the equivalence.

7

Conclusions

After approximately 50 years of development, quantiﬁer algorithms can nowaday
be used to solve geometrical problems. Even if a ﬁrst approach fails, the several
quantiﬁer elimination methods can be applied in interaction with the user to
appropriate subproblems, ﬁnally solving the problem. Our results show, that
among the three considered algorithms there is no best algorithm, solving all
problems. Furthermore they show that not only quantiﬁer elimination algorithms
are necessary but even powerful simpliﬁcation algorithms and a wide spectrum
of tools for analyzing and decomposing formulas. Important for the user is a
common interface to all algorithms, like redlog provides one.
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