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Abstract. We present a new method for proving geometric theorems in the real plane or higher
dimension. The method is derived from elimination set ideas for quantifier elimination in linear
and quadratic formulas over the reals. In contrast to other approaches, our method can also prove
theorems whose complex analogues fail. Moreover, the problem formulation may involve order in-
equalities. After specification of independent variables, nondegeneracy conditions are generated au-
tomatically. Moreover, when trying to prove conjectures that — apart from nondegeneracy conditions
— do not hold in the claimed generality, missing premises are found automatically. We demonstrate
the applicability of our method to nontrivial examples.
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1. Introduction

Theorems of elementary geometry have traditionally been considered an important
test case for the scope of methods in automatic theorem proving. Such problems
have stimulated a variety of algebraic techniques for their solution, in particular,
the Wu—Ritt method (see [7, 37, 39]), Grobner basis techniques (see [17, 18, 19]),
and complex elimination methods (see [27, 28]), based on ideas by Seidenberg (see
[25, 26]).

These methods have proved to be quite successful. Their common basis can be
characterized as follows:

1. A translation of the geometrical assertiérvia a suitably positioned coordi-
nate system into an algebraic statemeritivolving multivariate polynomial
equations.

2. The use of the corresponding algebraic method itself in an attempt to prove
as a statement abotbmplex numbersincey is generally a universally quan-
tified assertion, the validity af over the complex numbers entails the validity
of ¢ over the reals and thus an automatic proof of the original geometrical
assertion. If, in contrasty turns out to be false over the complex numbers, no
decision on the validity o®& can be made.

* Supported by theré (Algorithmische Zahlentheorie und Algebra).
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It is an amazing fact, which does not appear to have a sufficient theoretical
explanation up to now, that for the overwhelming majority of theorems in the plane
geometry of points, lines, circles, and cones the algebraic translatioif done
“properly” — does hold in the field of complex numbers. Trivial exceptions may
occur if the theorem asserts properties of points that do not exist in the real plane
but exist in the complex plane; see our Example 12 in Section 5 taken from [7]. For
a few examples of nontrivial exceptions, see [18] and our Example 7 in Section 5
taken from there.

A genuinely real method for deciding an algebraic translation of a geometric
statement is provided by any decision method for the first-order theory of reals. A
prominent example of such a real decision method by elimination of quantifiers is
thecAD method by Collins and Hong [8] that is implemented inq&PCcAD pack-
age [15]. With the exception of Example 5 and Exampled&?CAD cannot cope
with any of the automatic proof examples discussed in this paper. For an overview
on real decision and quantifier elimination procedures, see [2], Section 2.3 of [16],
and the bibliographies of [3, 24]. A combination of the Wu-Ritt method with
QEPCADfor geometric theorem proving has been discussed in [22].

The “proper” formulation of an algebraic equivalento a given geometrical
assertion® involves an adequate handling sdibsidiaryconditions. These con-
sist of certain polynomiaflisequationsthat is, negated polynomial equations that
are required for the assertiaf to hold. Frequently, these subsidiary conditions
can be interpreted as geometricadindegeneracyonditions. There are several
possibilities of how these conditions can be involved in some particular approach:

— They have to be found and added to a preliminary “naive” translatia fmf
the user, then yielding the actual translatigrsee method 1 in [17].

— They are found automatically, provided the user has previously specified cer-
tain variables amdependentsee method 2 in [17], [18, 19]. Such a specifica-
tion of independent variables ov€ris not always completely obvious from
the geometrical stateme¢it see [18, 21].

— They are found by the automatic prover without any human support; see [6,
27, 28].

In the two latter cases, the subsidiary conditions that are generated automatically
may be stronger than needed for the validity of the geometrical assértion
The algebraic translatiop of & is, as a rule, of the form

I
/\ﬁ(xl,...,xk)=0—> fo(x1, ..., xx) =0.
i=1

The complex methods considered above have the following strategy in common:
First, the system¥ = {f1,..., f;} of polynomials is transformed into one or
several systems of polynomials,, ..., G, the zero-sets of which are closely
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related to that ofF. The new systems are of some special form required by the
corresponding method, for example, Grobner bases or extended characteristic sets.
In a next step, one attempts educe f, to zero wrt. all systems; ;. If all these
reductions succeed, thenholds inC, and hence iR, under some subsidiary
conditions. In method 2 of [17], the conclusion enters the Grobner basis to be
computed already in the first step via the Rabinovich trick.

In the present note, we present an algebraic method for automatic theorem
proving in geometry that differs from those described above by the following
features:

1. The method does not work over the complex numbers but over the reals. It
will therefore be able to prove the algebraic translatjoaf a real geometric
theorem® even ify fails in C (see Section 5, Examples 7, 12).

2. The input there may also contain polynomial order-inequalities (see Section 5,
Examples 4, 5, 8, 9).

3. If the proof of the input conjecture fails in spite of all appropriate nondegen-
eracy conditions, the obtained result yields necessary and sufficient conditions
for the conjecture to hold. These can be added as additional premises. In other
words, we not only prove theorems but alsod theorems (see Section 5,
Examples 6, 18, 19).

4. In contrast to the AD method by Collins and Hong [8], which has features 1-3
as well, our method is restricted to low degrees of the dependent variables. On
the other hand, problems with many independent variables are usually handled
better by our method.

5. The method uses iterated elimination of variables from the entire system in
order to derive the desired conclusion. It thus avoids the computation of a
normal form for the polynomial equations in the hypothesis. The fact that such
computations do not involve the conclusion suggests that they are too general.

6. After specification oparametersn contrast to dependent variables, the method
automatically constructs nondegeneracy conditions necessary for the given con-
jecture to hold.

Our method is derived from a general-purpose method for the elimination of a
linear or quadratic variable from a Boolean combination of polynomial inequalities
over the reals; see [20, 30, 33].

We have examined the applicability of our method to geometric reasoning only
recently. Nearly all available data is presented in this paper.

In Section 2 we sketch the ideas governing the general method. Section 3 de-
scribes the changes and supplements to this method for geometric theorem proving.
In Section 4 we describe tlREDLOG package. In Section 5 we explain our method
once more by example and then give some examples of automatic proofs. Section 6
summarizes the conclusions of this paper.
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2. An Outline of the General Method

We considerpolynomial equationsf = 0, weak polynomial inequalitiey >

0, f < 0, andstrict polynomial inequalitiesf > 0, f < 0, f # 0, where f

is a multivariate polynomial with rational coefficients. In order to distinguish the
f # 0 from order inequalities, they are also calltidequationsA quantifier-free
formulay is a Boolean combination of such equations and inequalities obtained by
applying the logical operators\;” which stands for “and,” andV,” which stands

for “or.” We call ¢ of degreed in a variablex if all polynomials occurring iny

have anx-degree of at most. Thex;-degree off € R[xy, ..., x,] is the degree of

the univariate polynomiaf € R[x1, ..., x;_1, Xi41, . - -, X, 1[% ]

Suppose now thafr is quadratic (i.e., of degree 2) in some variableand
denotedx (v (x, us, ..., u,)) by ¢(us, ..., u,). Eachu; is either quantified fur-
ther outside or a parameter. In the former case it will be eliminated by iterating
the procedure described here. The algorithm given in [33] computes gr@m
guantifier-free formulap*(u4, ..., u,) not containingx such that over the field
of the reals we have the equivalence

Qug, ... up) < @ (uz, ..., Uy).

In other words, for arbitrary values, ..., a, € R of theu;, the assertio*(as,
...,ay) holds inR iff there existsb € R such thaty (b, a4, ..., a,) holds inR.
This is referred to aguantifier elimination

The elimination of a universal quantifier can be reduced to that of an existential
guantifier using the equivalence

Vxyy «<— —3Ix—y,

where ‘=" denotes logical negation. In our case, this works because the inner nega-
tion can be moved insid¢ using de Morgan’s laws and can finally be encoded by
modifying the contained equations and inequalities. For sketching the elimination
method of [33], we may thus restrict ourselves to the elimination of an existential
guantifier.

The idea for the construction gf from ¢ is as follows: We fix real valueg for
the variables:;. Then all polynomials occurring ik become linear or quadratic
univariate polynomials in with real coefficients. So the set

My={beR|Yba,... a))

of all real valuesh of x satisfyingy is a finite union of closed, open, and half-
open intervals on the real line. The endpoints of these intervals are atinemng
together with the real zeros of the linear and quadratic polynomials occurring in
Candidate terma,, .. ., «,, for the zeros can be computed uniformlyin . . ., u,
by the solution formulas for linear and quadratic equations.

If all inequalities iny are weak, then all the intervals constituting, will,
into each direction, be either unbounded or closed. In the latter case, such an
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interval will contain its real endpoint. Thug/, is nonempty iff the substitution
of +00 or of one of the candidate solutions for x satisfiesy. The substitution
of +o0 into a polynomial equation or inequality is evaluated in the obvious sense.
The substitution of expressions in, ..., u, of the form (a + b./c)/d among
the «; can be rewritten in such a way that all denominators involvinguthand
all square-root expressions are removed from the result; see [33]. By disjunctively
substituting all candidates intb, we obtain a quantifier-free formuda equivalent
to Ix over the reals. Iy happens also to contain strict inequalities, we need
to add to our candidates for points M, expressions of the forma + ¢, where
a is candidate solution for some left-hand side polynomial occurring in a strict
inequality. The symbok stands for a positive infinitesimal number. Again, the
substitution of these expressions into a polynomial equation or inequality can be
rewritten in such a form that there occur neither denominators involving any of
the u;, nor any square root expressions, nor the synahiol the result; see [33].
Again, this yields a quantifier-free formulg equivalent todxy, over the reals.
For practical applications, this method has to be refined by a careful selection
of a smaller number of candidate solutions and by a combination with powerful
simplification techniques for quantifier-free formulas; see [14] for details.

Recall that the well-known solution formula for quadratic equatiorfs+ bx +
¢ = 0 requiresa = 0. In our situatioru is a term inuy, ...,u,, Soa # 0 canin
general not be decided uniformly but depends on the interpretation of .théaus,
a quadratic polynomiatx? + bx + ¢ delivers not only two square-root expressions
a1 anda; as candidate solutions but alge= —c/b, which in turn require$ # 0.
Let 11, 1o, andt3 be the candidate points fa¥/, obtained fromay, o2, andas,
respectively, by possibly adding or subtractindVith the substitution of the into
¥, itis necessary to add the conditions on the nonvanishinrgasfdb. Formally,
we obtain

(@a#0AAZO0AWx/nlv ylx/n]) Vv (a=0Ab#0AY[x/t]),

whereA denotes the discriminant of the equatiorf + bx + ¢ = 0. If, however,
a is a rational constant, then the case distinction is superfluous. In particulds, if
nonzero, the second case can be dropped.

As indicated above, dramatic improvements of the general procedure sketched
up to now can be obtained by reducing the number of test candidate¥ for
depending on the structure of the formula see [20, 33]. One simple instance
for such an improvement is the following natural extensioatiss elimination
Suppose/ is of the form

bx +c=0A 1y,

where at least one of the coefficient terins is a rational nonzero constant. Then
we know that under any interpretation of thethe equation i:ontrivial, that is,
different from 0= 0. Hence the only test candidate required in the construction
of ¢* is —c/b, substituted, of course, with the conditibrz 0. No additional test
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candidates arising from equations or inequalities in the remaiagdef ¢+ need be
considered. This idea can easily be extended to a quadratic equation instead of a
linear one, taking into account again the discriminant.

We have seen that it is convenient to be able to decide whether coefficients are
nonzero or not. To support such decisions, the elimination procedure may, more
generally, allow as additional inputtheory ¢ (uy, ..., u,). This is a conjunction
of polynomial equations and inequalities in the parameters that may serve as a
global hypothesis for the equivalence betwéan, and¢*. In other words, the
equivalence is asserted only for those real values af titieat satisfy. Then both
simpler substitution and Gauss elimination can also be performed if the required
coefficient conditions are part of the theory or can be automatically inferred from
it.

Successive elimination of several existential and universal quantifiers by the
method is possible as long as after each elimination step the degree of the next
variable to be eliminated is at most 2 in the quantifier-free formula resulting from
previous eliminations. Notice that the elimination of an innermost variable in gen-
eral increases the degree of the outer variables in the elimination result compared
with the original matrix formula/.

There are two techniques for coping with problems of a degree larger than 2.
The first one is ahiftin the degrees of a quantified variablén a quantifier-free
formula s in the following sense: Leg be theccD of all exponentsc occurs with
in ¥. We divide all exponents of in by g yielding ¢’'. If g is odd, we have
dxy «— Jxy’; if g is even, we havélxy «— Ix(x > 0AY'). Forg > 1
this reduces the-degree ofyy. To obtain largeiccD’s and hence a better degree
reduction, we may in advance “adjust” the degtee 0 of x in polynomials of the
form x" f, wherex does not occur iry: In equations and disequationsmay be
equivalently replaced by any > 0. In ordering inequalities we may choose any
m > 0 of the same parity as.

The second method implicit factorizationof polynomials: Suppose we want
to eliminate a variabla from 3x1, wherex is of a degree greater than 2 in the
guantifier-free formulay but such that every polynomial efdegree greater than 2
factors overQ into factors at most quadratic in We can therin our mindsreplace
¥ by an equivalent formulg’ that is at most quadratic in. Taking into account
which relations occur with the factors ift’, we can use the zeros of the factors
wrt. the variablex for constructing test candidates.

Because of the degree restrictions, our general method and hence also its adap-
tion to geometric proving is fairly sensitive to tfi@rmulation of problems. This
concerns both efficiency and succeeding at all (see Section 5, Example 14 vs.
Example 15).

The method in this general form has been applied successfully to examples in
industrial simulation and optimization; see [34].

A systematic extension of the method to arbitrary degrees has been sketched in
[33]. The cubic case has been worked out in detail in [32].
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3. Adapting the Method to Geometric Theorem Proving

Most of the geometric theorems considered so far in automatic theorem proving
are closure theorems, asserting that for a certain configuration of points, lines, or
circles in the real plane or real 3-space some of these points lie on a line or a circle
or some of the lines intersect in a common point; see [7, 18, 39]. In an algebraic
translation, theorems of this kind yielthiversal Horn formulasthat is, formulas

of the type

1
Vxl...ka(/\f,-(xl,...,xk) =0— folx1,...,xx) =O).
i=1

This allows one to apply methods based on the manipulation of systems of polyno-
mial equations, as sketched in the introduction.

In contrast, our method derived from the quantifier elimination procedure
sketched in the preceding section is not restricted to formulas of such a special
form. Our algebraic translationsmay be arbitrary first-order formulas

lel...an,,(w(xl,...,xn,ul,...,um)), Q1,...,Q, € {3,V},

where v is a Boolean combination of polynomial equations, disequations, and
order inequalities subject to degree restrictions wrt. the quantified variables,
Xy

We do not expect)y to be true in the literal sense, that is, for all real values
of the variables:q, ..., u,,. Instead, we implicitly assume that the given config-
uration isnondegenerateA given triangle should not degenerate to a line seg-
ment, a given circle should not degenerate to a point, and so on. On the algebraic
side, these nondegeneracy conditions are reflected in the assertion that certain of
the variables representing, for example, coordinates of points or coefficients of
straight line equations should not satisfy some “unexpected” polynomial equation
g(uy, ..., u,) = 0. These variables, namely,, ..., u,,, are parameters They
remain unquantified.

A strong interpretation of the implicit assumption on the parameters would as-
sertthat,, ... ,u,, are assumed to be algebraically independent over the(ield
rational numbers. A more cautious interpretation may assert only:that. , u,,
satisfy such polynomial inequalitiegu,, . . ., u,,) # 0that encode nondegeneracy
conditions for the geometrical input probletn

In our method, we will automatically generate assumptions stating that certain
coefficients in the parameters are nonzero. We have seen in the preceding section
that such assumptions can simplify substitution or enable Gauss elimination. In
practice, it turns out that in most cases the assumptions made are actually geo-
metrical nondegeneracy conditions. We call this modified quantifier elimination
procedurggeneric quantifier elimination

Given a geometrical statemetit we proceed as follows. We manually produce
a “naive” algebraic translatiop by writing down polynomial relations between the
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coordinates of points, coefficients of straight line equations, circle equations, etc. in
a conveniently chosen coordinate system. Waakspecify any conditions saying

that the configuration is nondegenerate. Instead, we specify certain of the variables
in ¢ as parameters, that is, independent varialles,. . , u,,. As with the general
method, we may specify a theo®/(ug, ..., u,,) consisting of a conjunction of
weak polynomial order inequalities in the parameters. Typically, for parameters
ranging over lengths of certain line segmenmitsyill contain an inequality; > O.

Then the general elimination procedure described in the preceding section is
applied top(us, ..., u,,) and (uq, ..., u,) with the following modifications: In
substitutions, all nontrivial equality conditioasu, . .., u,,) = 0 for coefficients
involving only parameters are assumed to fail. The corresponding disequatiéns
0 are added t@.

Recall from the preceding section that the substitutions also contain discrim-
inant conditions. Intermediate simplification might equivalently replace such a
conditionA(ug, ..., u,) > 0in the parameters by an equatiof(uy, . .., u,,) =
0. For instance~d? > 0 is equivalent tal = 0. This equation is then treated
the same way as the coefficient conditions above. Notice that we do not add any
new order inequalities to our theory. That is, our set of automatic assumptions
cannot become inconsistent. Moreover, we neglect only a set of parameter values
of measure zero.

Whenever a formulax + ¢ = 0 A v, occurs but none of the coefficiertisc is
a nonzero rational constant, it is checked whether any of them is a polynomial only
in the parameters. If this is the case, $ajoes not contain any quantified variable,
we addb # 0 to ¢ and perform Gauss elimination. For quadratic equations we
proceed analogously. Note that we cannot make assumptions on quantified (i.e.,
dependent) variables.

There are situations where we have to decide between a linear Gauss elimination
with a nonzero assumption on a coefficient and a quadratic one without such an
assumption. For instance, consider

ElxgEle(uxl +x=0A x% 4+ xox1 + u = 0 A Yr1(xq, x2, u)).

In spite of the necessary assumptiog: 0, we prefer the linear Gauss application
for the elimination ofv; because the quadratic equation would produce square root
expressions the substitution of which inf@ may increase the degree.xof

Consider a possible Gauss application with assumption for a variaklbere
several coefficients can be assumed to be nonzero. We then select the coefficient
belonging to the highest power af It is not hard to see that this option saves
conditions or cases in the corresponding substitution.

As an option, we can restrict the set of allowed assumptions to those being of
the form [, u;" # 0O, which is equivalent tg\\, u; # 0. This is typically used to
avoid subsidiary conditions that cannot be interpreted geometrically (cf. Section 5,
Example 7).
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The output of our modified procedure consists in a quantifier-free foraiula,
..., U, and a new theory*(uy, ..., u,,), which extends?, that is,* — 9,
such that

Vus.. Vi, (0 — (¢ < ¢")

holds over the reals.

If o* equals “true,” then we have provedand thus the geometrical assertién
under the nondegeneracy conditions containettimNotice that* also undergoes
simplification such that neither the conditions contained inor the ones added
need occur there literally.

Otherwise, it is still possible that* holds wrt.9*, in other words,

Yuy ... Vu,(0* — ¢%).

This can be checked automatically by using some — unmodified — quantifier elim-
ination procedure such as that of Section 2, if the degrees allow us to do so, or
partial CAD. If we succeed in eliminating all the quantifiers, we definitely know
whether the input conjectukgis a theorem wrtd* or not.

In the latter case there are two possibilities. Either our method has not found
all necessary nondegeneracy conditions, thatids not sufficient forp to be an
appropriate algebraic translation of the geometrical conje@ymer & itself does
not hold in the claimed generality.

If we suspect that there are simply nondegeneracy conditions missing, we can
apply atheory generatarThis is a procedure that enlargés by further disequa-
tions until it (one hopes) impligg*. The technique is based on adding disequations
that occur literally ing*. This procedure can certainly fail, which happens in
particular when there are only few disequationgfror none at all.

Notice, however, that in either cagé specifies additional constraints on the
parameters;, ..., u,, that are necessary and sufficient for the validityofinder
v*.

Both ¢* and #* can thus be used in order to turn a not-generally-valid geo-
metrical conjectura into a true geometrical theorem, provided one succeeds in a
geometrical back-translation of the algebraic assertionande*.

4. TheREDUCEPackageREDLOG

REDLOG [11, 13] stands foREDuce LOGIC system. It provides an extension of

the computer algebra systeREDUCE to a computer logic systenmplementing
symbolic algorithms on first-order formulas wrt. temporarily fixed first-order lan-
guages and theories. For the purpose of this paper we are interested in the theory
of real closed fieldsver the language of ordered rings. In contrastdastraint

logic programmingsystems [9], not only is the algebraic component used for sup-
porting the logical engine but the largest part of the logical algorithms is defined
and implemented in terms of algebraic algorithms.
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The algorithms implemented REDLOG include the following:

— Several techniques for th@mplification of quantifier-free formulas. The
simplifiers not only operate on the Boolean structure of the formulas but also
discover algebraic relationships. For this purpose, we make use of advanced
algebraic concepts such as Grobner basis [4] computations. For the notion of
simplification and a detailed description of the implemented techniques, see
[14].

— Quantifier elimination.

e For formulas obeying certain degree restrictions, we use elimination set
ideas [20, 30, 33].

e There is also an interface to Hoon Hong@&PCAD [15] package imple-
menting a complete quantifier elimination.

— The generic quantifier elimination described in this paper.

— Variants of both conventional and generic quantifier elimination that provide
answers, for example, satisfying sample points for existentially quantified
formulas.

— Alot of useful tools for constructing, decomposing, and analyzing formulas.

REDLOG has been applied successfully for the solution of nonacademic prob-
lems, mainly for the simulation and error-diagnosis of physical networks [34].
Applications inside the scientific community include the following:

Control theory [1].

Stability analysis forDEs [16].

Geometric reasoning as described in this paper.

— Parametric scheduling.

Nonconvex parametric linear and quadratic optimization [31].
Transportation problems [20].

Real implicitization of algebraic surfaces.

Computation of comprehensive Grobner bases.

— Implementation ofjuarded expressiorfer coping with degenerate cases in
the evaluation of algebraic expressions [10, 12].

Some very promising work has been done in parallelizing the ordered field
optimization code undervm on acRAY YMP4/T3D in cooperation with the Kon-
rad-Zuse-Zentrum in Berlin.

For noncommercial use, theEDLOG source code is freely available on the
WWW.*

* http://www.fmi.uni-passau.de/"redlog/
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REDLOG is not implemented as an algebraic mggdepuCE program, but ex-
tendsReDUCEON the (compiled) Lisp level using the built-in facilities as a library.
TheREDUCEfacilities used are the following:

— polynomial representation,
— polynomial arithmetic and factorization, and
— list processing.

5. Examples
5.1. SAMPLE PROOFS

We are going to illustrate by two simple examples how our method works. The
first example shows how nondegeneracy conditions are introduced and how we
reduce universal quantifiers to existential quantifiers. It is, however, rather trivial
concerning the elimination set construction: the elimination of both quantifiers can
be reduced to our extended notion of Gauss elimination.

EXAMPLE 1. Two lines intersect in one and only one point.

The first line is modeled by the-axis, the second one by an affine linear
functionmx + b:

Ax(mx +b=0 A Vy(y #x —> my +b #0)).
We start with making the formula positive and prenex:

Eley(mx+b:O Aly=xV my+b;éO)).
The elimination ofvy is reduced to that of

—Ely(mx+b;éO V (y#x A my= —b)).

Sincemx + b # 0 is independent of, we may restrict our attention to the nested
conjunction. We addrz # 0 to our theory. Under this assumption the equation
my = —b is nontrivial, and it suffices to substitqu as a test term. The result is
the following:

=(0#£0 VvV (=b #mx A —b=—D)).

After encoding the negation=" into the atomic formulas, simplifying, and renor-
malizing wrt. the next quantifietx, we have

mx = —b.

We have already made the assumptionz O; hence the remaining equation is
nontrivial. We substitute:n—” for x obtaining “true” as the final elimination result.
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Figure 1. Intersection between a strip and a disk (Example 2).

The nondegeneracy conditian # O states that our two lines not be parallel. Our
general method would have introduced case distinctions wrt. the vanishimg of

The second example elucidates how we cope with inequalities and quadratic
variables.

EXAMPLE 2. Consider in 2-space a disk with cenférand radius-, and two
parallel linesA, B. Find necessary and sufficient conditions for the strip between
A and B to have a nonempty intersection with the disk (see Figure 1).

In our algebraic translation, we denote @y y) a point that is both inside the
strip and inside the disk. For demonstration purposes we locate the é¢iofethe
disk at(—1, 0). The linesA and B are defined a$(a,y) | y € R} and{ (b, y) |
y € R}, respectively:

2

Ty + D2+’ <r?P A a<x A x<Db).

We start with the elimination aiy. The purely quadratic occurrence pllows a
shifth = y?:
Elh(hgrz—(x—i—l)2 Ah>20Aa<x A xéb).
There is both a lower bound 0 and an upper bouhd- (x + 1) for 4. In this
situation, we know that it suffices to substitute either all upper bounds together
with the formal symbol-oco or all lower bounds together witto. We decide for
the elimination setoo, r? — (x 4 1)?} yielding
(falsentruena < x Ax < b)
V(rz—(x+l)2<r2—(x+1)2/\r2—(x+1)2>0
ANa<xAx < b).
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Note that we know the direction of the bounds becausmes not occur with a
parametric coefficient in the respective atomic formulas. In connection with strict
inequalities there would also occur terms including infinitesimal formal symbols
+¢. The substitution of terms with formal symbols into atomic formulas is de-
scribed in [33].

After simplification and renormalization wrt. the next quantitietr we have

(x+l)2<r2/\x>a/\x<b

including linear bounds, b, and quadratic bounds— 1 and—r — 1 for x. We do

not have to substitute the quadratic bounds because we are in an important special
case: There is only one quadratic inequality. This can be treated by substituting the
zero—1 of the derivative

8((x + 12— r2)
0x

This will not increase the degree in the parameters, which are possibly quantified
from outside. Proceeding this way, however, we cannot decide between linear lower
or upper bounds. Disjunctive substitution of the eliminatior{@gb, —1, —oco, oo}

yields

=2x -2

((@a+D*<r*Aazana<b)
V(b+D*<rPAb2anb<b)vVO<rPA-1>aA—-1<b)
v (falsen false true) v (false true A false).

In general, one has to substitute all the roots of the quadratic constraints possibly
with £¢. Note that these roots can contain surds. In [33] there is described how to
substitute the roots in such a way that the substitution result does not contain any
surds.

Our sample elimination result is automatically simplified to the following quanti-
fier-free formula:

((@+D*<rPAa<bh)V(b+D?><r’Ab>a)V(a<-1<b).

5.2. AUTOMATIC PROOFS

As mentioned in the preceding sectickgDLOG provides an interface to Hoon
Hong’s QEPCAD: it can spawn aEPCAD process, communicate formulas to it,
receive the results, and convert them back to its own internal formula format. We
have actually tried to compute all examples discussed in this sectiomafbAD,

which failed in most cases, probably because of the large number of variables. On
the other handQEPCAD does a good job in checking whetheét — ¢* after
application of our method, since batti ande* contain only few variables, namely,

at most the parameteis of the input probleny.
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Figure 2. The angle at circumference is half the angle at center (Example 3).

We start with discussing the automatic proof of some examples of real geometry
taken from Wu [40], Wang [28], Kutzler [18], and McPhee, Chou, and Gao [22].
Then we summarize the timings and solutions of several examples taken from
Chou [7]. Most of the latter can also be proved by complex methods. All compu-
tations have been performed orsan sPARG4 workstation using 10Lisp cells.

Such a cell takes four bytes of memory.

EXAMPLE 3 (angle at circumference vs. angle at center).Mdbe the center of
the circumcircle of a triangld BC. Then/ACB = /AM B/2 (see Figure 2).

We choose coordinates = (—a,0), B = (a,0), C = (xq, yo), andM =
(0, b). The radius of the circumcircle is determined by

c? =a®+b* = x5 + (yo — b)~.

The angles are encoded into tangents: We constii€tB = y;+y» with yo tan(yy)
= a + xo, andygtan(y») = a — xq. By the addition theorem for tangents we know

(1 — tan(yy) tan(y2)) tan(ys + ¥2) = tan(yy) + tan(yy).

Let; = /AMB/2. Thenbtan(¢) = a, and our claim is that tag) = tan(y;1 +y»).
Our translationp with 11 = tan(yy), t, = tan(y»), andr = tan(¢) reads as follows:

VXV VEVIVh(c? = a® + b2 A @ = X + (yo — b)?
Ayotir=a+xgAyotp =a —xog AN (L —tht)t =t +t, —> bt :a).

After 102 ms of computation time, we obtayif = true and the nondegeneracy
condition®* = yg # 0 stating thatdC B is a nondegenerate triangle.

EXAMPLE 4 (median bisector theorem). For a nonisosceles triaddi€ the
median over the sidd B is always greater than the interior bisector on the same
side (see Figure 3).
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C

A\Oy ’
A"/
Figure 3. The median bisector theorem (Example 4).

This example and the ideas for its algebraic translation are taken from Wu [40],
pp. 7-8. To prove the theorem, we take coordinates such that

A=(-10, B=(10), C = (xo, o).

We may wlog. assume thap > 0. Since the origin0 = (0, 0) is the midpoint

of AB, we have thatC O is the median oA B. We construct the bisector using
the geometric theorem proved as Example 3: The center of the circumcircle is at
(0, b). Letc > 0 be its radius. Thee? = 1+ b?, andV = (0, b — ¢) is the lower
extremity of the circumcircle. LeX = (x, 0) be the intersection betwe&nv and

AB. ThenCX is the interior bisector on the sideéB. We come to the following
translationy with parameters, andyg:

VchVx(yo >0Ac>0Ac?=14+b>AC? :xg—i- (yo — b)?
/\x(yo + (¢ — b)) = xo(c — b) — xg + yg > (x0 — x)2 + yg).
After 714 ms elimination time, we obtain the nondegeneracy conditiéns xo #
0 A yg # 0, stating thatA BC is a nondegenerate, plus a quantifier-free equivalent
@* containing 18 atomic formulag®EPCAD subsequently proves in 1283 ms that
* — ¢*, which proves the theorem. This final step cannot be performed by our

method because of the degree restrictions.
The next example is taken from Wang [28], pp. 158-160.

EXAMPLE 5 (Pedoe’s inequality). Given two arbitrary triangke8C andA’B’C’
with sidesa, b, ¢ andd’, b', ¢/, respectively, the areas and A’ of this triangles
satisfy the following inequality:
a?(* + ¢ — a®) + b*(® + a® — b?) + c?(@® + b* — ¢®) = 16A'A.
Wang'’s algebraic translation of this inequality slightly adopted to our frame-
work reads as follows:

VaVa'VxVx'VyVy'(a > 0Aad >20Ax >20Ax >20Ay >0
/\y/ > 0 — a2x/2 +a2y/2 — 2aa’'xx' — 2aa/yy/ +a/2x2 +a/2y2 > 0)



372 A. DOLZMANN, T. STURM, AND V. WEISPFENNING

After 102 ms we obtairp* = true without any subsidiary conditiom@EPCAD
yields the same result in 583 ms.

In the following example also taken from Wang [28], pp. 161-162, we not only
prove but actuallfind a theorem.

EXAMPLE 6 (Qin—Heron’s formula). Determine the arEaof a triangleABC in
terms of its three sides.

We locateA = (—z,0), B = (z,0), andC = (xo, yo). Then the side lengths
are determined as follows > 0 with a® = (z — x0)? + y2, b > 0 with b2 =
(z+ x0)° + yé, andc = 2z. On the other hand, we knoW = zyo. This yields our
translationy with parameterg, b, andc:

EIXoEIyoaz(F = 2ZYo
A a? = (z—xo)z—i-yg/\bz: (Z+x0)2+)’§/\C=2Z).

We put the conditions that the side lengths be positive into our input thieaey
a>0Ab>=20Ac>20Af > 0.After 136 ms we obtai?* =a > 0A Db >
O0Ac > 0A f > 0;in other words, the condition # 0 stating that the pointd
andB are different is added. The quantifier-free formytaobtained contains five
atomic formulas. Automatic simplification @f wrt. 9* by Grébner basis methods,
cf. [14], takes 136 ms, yielding

a® — 2a%b? — 2a°c? + b* — 20%c? + ¢* + 16F%2 = 0 A a’c® — 4F? > 0.

The inequality follows from the equation, as our pure quantifier elimination method
shows in 34 ms. AlternativeN\QEPCAD proves this in 1716 ms. Setting= (a +
b + ¢)/2, the equation can be rewritten as Heron’s formula

F2=5(s —a)(s — b)(s — ).

EXAMPLE 7. Consider eight pointgi, ..., H such that the following eight
triples are collineadBD, BCE,CDF, DEG,EFH, FGA,GHB, HAC. Then
all eight points lie on a line.

This example is originally due to MacLane [21]. It holds in the real plane but
fails in the complex one. We adopt the translation proposed by Kutzler [18], p. 154,
settingA = (0,0), B = (x3,,0),C = (x¢, ¥¢), D = (x4,0), E = (x¢, ye), ..., H =
(Xns Yn):

VYRVX VY VX VY VXV Yo (X Ye — Xy = 0A Xy — X5y, =0
AXpYe = XcYe + XeYe — XpYe = O A XpYh — Xy + Xpyg — Xpyg = 0
AXeYfp —XaYf — XfYe + XaYe = OA Xayg — XeYg + Xg Ve — Xaye = 0
ANXeYh —XfYn +Xn Yy — XeVf — XpYe + XgYe = 0 — xy.=0).
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For understanding the translation, notice that, y1), (x2, y2), and (x3, y3) are
collinear iff

(y2 — yDx3 + (x1 — x2)y3 + (x2y1 — x1y2) = 0.

We get after 8432 ms the elimination resgit = true. The subsidiary conditions
©* obtained are

2.2 2, .22 2 2,2
XpXj, — XpXcXgXp — XpXgXj, + XFXg — Xexgxp + x5x; # 0

/\xlth — XpXeXg — XpXeXp + XeXgxp 7 O

A xth — XpXeXg — XpXgXp + xﬁxh #0

AXxp—XcZ0AX, —x3 #O0AXxp —x, Z0A X, —x4 #£0

AXxe—Xxp Z0Ax. Z0Axy £Z0A X, #0.
Except for the first three disequations, all these conditions are obvious geometrical
nondegeneracy conditions. The first disequation follows from the geometrical ones,
as our general method proves in 1054 ms, and is thus redundant.

We rerun our method with the option permitting only monomial assumptions:

After 15,572 ms we obtain a quantifier-free formgtawith 205 atomic formulas
and the following nondegeneracy conditiofs

X Z0Ax, Z0Ay. #0.
Within 31,246 ms, our theory generator addsstoassumptions, which make it
sufficient forg* and thus forp:
x,fxf — XpXcXgXp — xbxdxi + xczxg — xcxgxh + xgxf #0
AXp—Xg Z0Axe—x, #0AXx. #0Ax3 #0
Axp ZO0Ay. #0.
Again, our general method proves that the first disequation follows from the re-
maining nondegeneracy conditions (340 ms).

Examples 8 and 9 are taken from McPhee, Chou, and Gao [22], pp. 410-411
and 414, respectively.

EXAMPLE 8 (Pompeiu’s theorem). IABC is a equilateral triangle, angét is

some point not on the circumcircle dfBC, then the segment$P, BP, C P can

be used to form a triangle (i.e., the sum of the lengths of any two exceeds the length
of the third).

We first adopt the algebraic formulation given in [22], p. 411.:
VoV Vo VasVagVuoVuy (4x3 —3=0A2x;+1=0
AxZ—2x4+x2—u5+1=0Auo>0
/\Xf—ZX1X4+X?2,+2X0)63+X%+X§—M% =0Au; >0
AxZ — 2x1x4 + x5 — 2x0x3 — x5+ x2 + x5 =0A x>0
/\x2+x§—1¢0—>x2—u0—u1<0).
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Note that the nondegeneracy conditipr= x2 + x3 — 1 # 0 is explicitly added as
a hypothesis. Eliminating all the quantifiers yields “true” after 391 ms.

Next, we deletes from the hypotheses and eliminate only the dependent vari-
ablesug, 11, x. Our procedure yields after 202 ms a formula containing 7 atomic
formulas. Unfortunately, it does not make any assumption. We proceed by elimi-
nating alsaxg andx, in order to find a necessary and sufficient condition in terms
of the point (x3, x4) for the theorem to hold. This elimination yields 12 atomic
formulas after 187 ms. The Grobner simplifier reduces this result within 153 ms to
the following necessary and sufficient condition:

X5+xZ—-1+#0
V2xs—x4—1>0vV244+1=0Vvx4+2<0Vvxs—1>0.

In the second conditioan — x4 — 1 > 0, we can factorize the left-hand side,
yielding

xX54+x3-14#0
Vas—1>0A2%4+1>0V (s —1<0A2%+1<0)
V2x4+1=0vx4+2<0vxs—1>0,

which our standard simplifier immediately (0 ms) turns into
X5+ xf—1#0v2,+1<0vr,—1>0.

An extension of the standard simplifier, which automatically tries such expansions,
is already implemented but not yet published.

The inequalityx? + x7 — 1 # 0 requires thatxs, x4) not be on the circumcircle.
Surprisingly, the condition2Z + 1 < 0 allows (x3, x4) to be on the circumcircle
provided that it lies below or on the ba#<". Similarly, the conditiorx; — 1> 0
allows (x3, x4) to coincide with the verte. The reason is that the formulation
x2 — ug — uy < 0 of the conclusion is asymmetric, leaving out the cages x, —

u; < 0andu; — ug — xo < 0. The verticesA, B, andC are excluded already by
the hypothesis.

EXAMPLE 9 (Steiner-Lehmus theorem, variant). Assume thAaC is a triangle
such thatAB > AC. Then the angle bisector frol to AC is longer than the
angle bisector front to AB (i.e., the longer bisector goes to the shorter side).

In its original form, the Steiner—Lehmus theorem states dingttriangle with
two equal internal bisectors is isosceldts contrapositive follows immediately
from the variant above.

We putA = (—1,0), B = (1, 0), andC = (xo, yo) With yo > 0. By M = (0, b)
we denote the center and byhe radius of the circumcircle.

The bisectors are constructed by using the geometrical theorem proved as Ex-
ample 3: LetV = (0, b — ¢) the point below the-axis on the circumcircle having
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equal distance tal and B. Then the angle bisector frofi to AB is obtained as
CX,whereX = (x, 0) is the intersection of V andAB. The angle bisector from
B to AC is obtained analogously: L& = (x1, y;) be the point on the circumcircle
with equal distance td andC lying “west” of the line AC. LetY = (x,, y,) be
the intersection oBW andAC. Then the angle bisector BY .

Our algebraic translation obtained this way reads as follows:

VchVxVxl\?’yleszz(yl(xo 4+1) > x190Ay0>0Ac>0
A =14b*AC? :xcz)—l—(yo—b)z/\x(yo—i- (c—b)) = xo(c — b)
AXE+ (1= 0% =P A @+ D? +)F = (11— x0)? + (1 — 30)?
A1 —Dyz = yi(x2 — D A (x0 + Dy2 = yo(x2 + 1)
N4 > (xo+1)2+y§ — (x —xo)2+y§ < (xo — 1)2—|—y§).

We obtain after 142,103 ms an elimination restilicontaining 243 atomic formu-
las together with the subsidiary conditions

0 = x5+ 20+ ys+1#0
AXE—2x0+ V2 —3#0Ax0+1#0Ax0#0A Y #0.

QEPCAD proves within 250,817 ms that* — ¢*, while our method fails in
doing so due to the degree restrictions.

The following examples are taken from Chou [7]. These theorems, with the
exception of Example 12 and our modification of Example 16, hold also over the
complex numbers. We adopt the algebraic translations given by Chou.

EXAMPLE 10 (2.1, p. 6). We obtain the elimination result = true under the
nondegeneracy conditions* = u; # 0 A uz # 0, which state thal BCD is a
proper parallelogram, after 102 ms.

EXAMPLE 11 (2.2, p. 7: Simson’s theorem). We obtaihh = true andd* =
u%—Zulug—i-u%-i-u% # 0Auy # 0Aup, # 0Auz # 0 after 374 ms. The
conditionu; # 0 A ug # 0 states thatt BC is a proper triangle. The first condition
(u1 — u2)? +u3 # 0 equivalent tarl — u2 # 0V u3 # 0 is implied byus # 0 and
can thus be dropped. The conditing # O states that the triangléBC is proper,
and the conditiom, # O states that BAC is not a right angle.

The following example fails over the complex numbers.
EXAMPLE 12 (3.9, p. 57). We obtaift* = ¢* = true after 17 ms.
EXAMPLE 13 (5.1, p. 58). After 136 ms we obtain the nondegeneracy condition

9* = uq # 0 stating thatdA BC D is a proper square and the elimination regtilt=
true. Besides Example 5, this is the only example discussed in this section from
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which QepcAD can eliminate the quantifiers: It computes=£ 0 as quantifier-free
equivalent, which takes 1883 ms with®cells.

EXAMPLE 14 (5.2, p. 59: Feuerbach’s theorem). We can eliminate 8 out of 9
guantifiers. Then the procedure fails due to the degree blowup,xvikieing of
degree 4.

EXAMPLE 15 (5.2, variant on p. 62: Feuerbach’s theorem). For this choice of
coordinates, Chou leaves out the conclusion. We use the conclusion

(2x3 + 2x3 + x3 — 2x7xg — 2xou2)?
= A(x3 — 2x7xg + X3 + x5) (x5 + x5 — 2xguy + u3)

expressing the fact that the distance between the center of the 9-point circle and
the center of the incircle or an excircle equals the difference or the sum of the
respective radii. We obtain as nondegeneracy conditions

ﬁ*zulug—i-u%;éO/\ul—i-ug;éO
Aui—u2 Z0Auy —uz ZO0Auy £Z0Au; #0Auz #0.

The conditionu uz+u3 # 0 states that AC B # 0; the conditions; +u, # 0 and
ui —up # 0 say tha BAC andZC AB are not right angles, respectively. Finally
u1 # 0Auy # 0 A uz # 0 states thas BC is a proper triangle. The elimination
result isp* = true. This computation takes 2958 ms.

EXAMPLE 16 (5.3, pp. 62-63). Following the discussion on p. 63, we add the
conditions > 0 to the hypothesis, where

2,2
—uju
S 173

b
uiugxz — uiugxl

in the following way: The conditiord > 0 can be expressed ag # 0 A uz #

0 A usxp —uzx1 < 0. We actually drop the first two constituents of the conjunction
because these are nondegeneracy conditions. Then we dbtainusz £ 0 as a
nondegeneracy condition apd = true as an elimination result. This computation
takes 85 ms.

EXAMPLE 17 (5.7, p. 71: originally by M. Paterson). After 1275 ms, we get
¢* = true and the following nondegeneracy conditions:

O = ui — 2uius + u% + u% # 0A uguz — 2uiug + 2usuq # 0
Augug + 2usug 7 O A uquz — 2upug # 0Aug =0 Auy #0.
The first condition(uy — u2)? + u3 # 0 is equivalent tar; # uz A uz # 0. This

together withu; # OA u, # O states thatt BC be a proper triangle. The remaining
disequations are noncollinearity conditions.
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The final two examples taken from Chou are once more concerned with not only
proving but finding theorems.

EXAMPLE 18 (5.8, pp. 72—73: Gergonne’s theorem). This is a generalization of
Simson’s theorem discussed as Example 11. After 340 ms of computation time, we
get the elimination result

¢* = audub+ au?ui — 2auu3 — 2auyuu; + auy + 2ausdul + auf +

2 2 2 2 2 4 2 2
+ujusuzy — ulugx — Uusuzy — uuzy + ulugx + ulugy =0.

This is exactly the equatioRy = 0 of Chou for the locus of poinb. We further-
more obtain the nondegeneracy conditions

79*Eui—Zuluz—i-ug—i-u%#0/\u2750/\u37$0.

The conditionuz # 0O states tha BC is a proper triangle. As in Example 11 the
first condition can be dropped. The conditiop # O states that BAC is not a
right angle.

EXAMPLE 19 (5.9, p. 73: M. Paterson’s problem). We obtain as elimination
result

I uiuzy + uiugx — 2u%xy + ulugy — 2uuouszx + 2uiusxy —
— ulugy — u1u3x2 + u1u3y2 — 2u§xy + 2u2u3x2 — 2u2u3y2 +
+2u§xy =0Vu,=0vVu=0Au3z=0)
under the subsidiary conditions
P =wuqus —uox —uzy #0Au; —x #0Ay #£0.

We suspect that there is a typo in Chou’s solution on p. 74, which should probably
read as follows:
Ry = u%(u% + ug) .
2 2 2 2 2 2
-(ay + 2bxy + cx® + (uiuz — urus — ufuz)y + (2uius — ul)ugx).
If this is the case, thep* provides a factorization oRy, where—ui = 0 and

u%+u3 = 0 are equivalently replaced ly = 0 andu, = 0Aus = 0, respectively.
This example takes 272 ms.

6. Conclusions

We have shown that a method for elimination of linear and quadratic variables from
a Boolean combination of polynomial equations and inequalities can be adapted
to geometrical theorem proving. The resulting method is a genuinely real — not
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complex — proof method that can handle not only polynomial equations but also
ordering inequalities. In particular, it can prove also those geometrical theorems
whose complex analogues fail. After specification of independent parameters in the
given problem, our method specifies those nondegeneracy conditions that are ac-
tually used in the algorithm. In addition to the obtained nondegeneracy conditions,
the method will supply additional assumptions for a given geometrical conjecture
that turn the conjecture into a theorem.

The implementation of the method in tiREDLOG package ofREDUCE has
shown that the algorithm can handle — besides well-known benchmark examples
— some truly real geometry examples that have not been accessible to automatic
proof methods so far. The present limitation of the elimination method to quadratic
variables can be pushed up to higher degrees.
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