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1 Introduction

Ever since quantifier elimination by cylindrical algebraic decomposition (CAD)
has been implemented by Collins [Col75], quantifier elimination has become more
and more important. This was reinforced especially by the development and im-
plementation of the partial CAD [CH91] by Hong and later Brown [Bro98]. Beside
the approach used there, quantifier elimination by virtual substitution was pub-
lished by Weispfenning [Wei88, LW93] and further developed and implemented
by the first author together with Sturm in REDLOG [DS97a]. The latter method can
only be applied to degree restricted formulas. Although both methods are imple-
mented highly efficiently, none is superior to the other one. Moreover sometimes
the methods fail solving problems which seem to be solvable using quantifier
elimination. Therefore it is necessary to develop and implement further quantifier
elimination algorithms.

The quantifier elimination by real root counting was published by Weispfen-
ning in 1998 [Wei98], although he had already published in 1993 a technical report
describing this method. The algorithm was first implemented by the first author in
1994 as a diploma thesis [Dol94] in the computer algebra system MAS. Numerous
new optimizations were developed by the authors. They were implemented by the
second author [Gil03] in a complete reimplementation of the method in the pack-
age REDLOG [DS97a] of the computer algebra system REDUCE . The improved
version of this quantifier elimination is called Hermitian quantifier elimination.
The name “Hermitian” quantifier elimination was chosen to acknowledge the in-
fluence of Hermite’s work in the area of real root counting.

Hermitian quantifier elimination has been proved to be a powerful tool for
particular classes of elimination problems. In [Dol99] the first author has used it
for the automatic solution of a real algebraic implicitization problem by quantifier
elimination. For this automatic solution he has used all three quantifier elimi-
nation methods, namely quantifier elimination by virtual substitution, Hermitian
quantifier elimination, and quantifier elimination by partial cylindrical algebraic
decomposition as well as the simplification methods described in [DS97b].

The definition, development and implementation of new paradigms related to
quantifier elimination algorithms have been very successful in the past. Extended
quantifier elimination provides not only an equivalent formula but sample solu-
tions. It can be applied e.g. in the area of generalized constraint solving yielding
optimal solutions [Wei96].

The paradigm of generic quantifier elimination was introduced for quantifier
elimination by virtual substitution by the first author together with Sturm and
Weispfenning [DSW98]. Let ϕ be an input formula with quantified variables
x1, . . . , xn and parameters u1, . . . , um. Recall that regular quantifier elimina-
tion computes from ϕ a quantifier-free formula ϕ′ such that for all real values
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c1, . . . , cm for the parameters u1, . . . , um both ϕ and ϕ′ are equivalent, i.e we have
ϕ(c1, . . . , cm) ←→ ϕ′(c1, . . . , cm). In the case of generic quantifier elimination we
compute additionally a conjunction Θ of non-trivial negated-equations, such that

Θ −→ (ϕ ←→ ϕ′).

In other words, Θ restricts the parameter space. Note that Θ cannot become in-
consistent, and moreover, the complement of the set described by Θ has a lower
dimension than the complete parameter space. Thus it restricts our parameter
space only slightly.

The idea behind the generic quantifier elimination is to add assumptions to Θ
whenever this may either speed up the computation or may cause the algorithm to
produce a shorter result formula ϕ′. The paradigm of generic quantifier elimina-
tion was introduced in [DSW98] in the area of automated geometry proving. The
key idea here is to express a geometric theorem as a quantified formula and then
verify it by quantifier elimination. Regular quantifier elimination may fail due to
lack of resources or if the theorem does not hold. In the latter case it may be false
only for some degenerated situations, as for empty triangles or rectangles instead
of arbitrary triangles. Generic quantifier elimination is in this area superior to the
regular one for two reasons: The computations are in general much faster and the
assumptions made in Θ may exclude degenerated situations in which the theo-
rem is false. In the above cited paper, which is based on quantifier elimination
by virtual substitution, it was heuristically shown that for this generic quantifier
elimination in fact Θ contains mostly non-degeneracy conditions.

Meanwhile, using a generic projection operator, the concept of generic quan-
tifier elimination was also successfully applied to quantifier elimination by partial
cylindrical algebraic decomposition [SS03]. Seidl and Sturm study the general
applicability of generic quantifier elimination in contrast to the regular one. As
for regular quantifier elimination by cylindrical algebraic decomposition, this ap-
proach is successful mostly for problems containing only a few variables. This
restricts the applicability of the generic projection operator to the area of auto-
mated theorem proving.

In this note we introduce a generic variant of Hermitian quantifier elimination
and apply it in the area of automated theorem proving. This generic quantifier
elimination is not degree restricted as the method based on virtual substitution,
and it can handle in general, more variables than the method based on cylindri-
cal algebraic decomposition. Hermitian quantifier elimination is, however, well
suited for formulas containing many equations as in the case of automated geo-
metric theorem proving. Nevertheless the generic Hermitian quantifier elimina-
tion is well suited in many other application areas, e.g., in physical applications in
which a equation between two different values is always of no meaning.
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The plan of the paper is as follows: In the next Section 2 we sketch the Her-
mitian quantifier elimination algorithm. In Section 3 we discuss three parts of the
algorithm where the concept of generic quantifier elimination can be successfully
applied. After describing the generic algorithm we show in Section 4 the scope
of our method by computation examples. In the final Section 5 we conclude and
summarize our results.

2 The Basic Algorithm

We want to eliminate the quantifiers from an arbitrary first-order formula in the
language of ordered rings. In our discussion we restrict our attention to the main
parts of the Hermitian quantifier elimination with some improvements. Given an
arbitrary first-order formula, we first compute an equivalent prenex normal form
of the form

Qnxn1 · · ·Qnxnmn · · ·Q2x21 · · ·Q2x2m2Q1x11 · · ·Q1x1m1 (ψ), Qi ∈ {∃, ∀},
with Qi−1 �= Qi for i ∈ {2, . . . , n} and ψ quantifier-free.

Our elimination algorithm eliminates the quantifier blocks, block by block, be-
ginning with the innermost one, i.e., we compute first a quantifier-free equivalent
of

Q1x11 · · ·Q1x1m1 (ψ).

Using the equivalence

∀x1 . . .∀xn(ψ) ←→ ¬∃x1 . . .∃xn(¬ψ),

we can obviously restrict our discussion to the case of one existential quantifier
block, i.e. Q1 = ∃. We can furthermore assume without lost of generality (for
short w.l.o.g.) that ψ contains only atomic formulas of the form t = 0, t > 0 and
t �= 0 and that ψ is in disjunctive normal form. By applying the equivalence

∃x1 . . .∃xn
( k∨
i=1

ψi

)
←→

k∨
i=1

∃x1 . . .∃xn(ψi)

we assume in the following that ψ is a conjunction of atomic formulas of the
above form.

2.1 Preparation

We assume that our input formula has the following form

∃x1 . . .∃xn

⎛
⎝∧
ĝ∈Ĝ

(g = 0) ∧
∧
h∈H

(h > 0) ∧
∧
f∈F

(f �= 0)

⎞
⎠ ,
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where Ĝ,H , and F are finite sets of polynomials in Q[u1, . . . , um][x1, . . . , xn]. We
can obviously evaluate each variable-free atomic formula to a truth value making
itself superfluous or the whole conjunction contradictive. Thus we can w.l.o.g. as-
sume that each polynomial is an element of Q[u1, . . . , um][x1, . . . , xn] \ Q.

For a polynomial g ∈ Q[u1, . . . , um][x1, . . . , xn] and (c1, . . . , cm) ∈ Rm we
denote by g(c1, . . . , cm) the polynomial in R[x1, . . . , xn] constructed from g by
plugging in the ci for ui with i ∈ {1, . . . , m}. We extend this notation in the
natural manner to sets of polynomials.

If the set Ĝ is empty, we proceed with our quantifier elimination as described
in Section 2.3. If Ĝ is not empty, we compute a Gröbner system [Wei92] w.r.t. an
arbitrary but fixed term order. This term order is also fixed for all subsequent
computations in the following paragraphs.

The concept of Gröbner systems generalizes the concept of Gröbner bases to
the parametric case. With the term “parametric case” we describe situations in
which the coefficient of the polynomials are given parametric as polynomials in
some variables, e.g. mx + b is a univariate polynomial in x with the parametric
coefficients m and b.

A Gröbner system S is a finite set of pairs (γ, G), called branches of the Gröb-
ner system. Each branch consists of a quantifier-free formula γ in the u1, . . . , um
and a finite set of polynomials Q[u1, . . . , um][x1, . . . , xn]. For each c ∈ Rm there
is one branch (γ, G) such that γ(c) holds, we have Id

(
G(c)

)
= Id

(
Ĝ(c)

)
, and

G(c) is a Gröbner basis. In fact, all computations used for our algorithm can be
performed parametrically using G.

Note, that for every (γ, G) and c ∈ Rm with γ(c) we have that Ĝ(c), G(c) and
Id
(
G(c)

)
have the same zeroes. By switching from

∧
g∈Ĝ

(g = 0) to
∨

(γ,G)∈S
γ ∧
∧
g∈G

(g = 0)

and interchanging the disjunction with the existential quantifier block it suffices
to eliminate the quantifiers from

γ ∧ ∃x1 · · · ∃xn
(∧
g∈G

g = 0 ∧
∧
h∈H

h > 0
∧
f∈F

f �= 0

)
.

Let d be the dimension of Id
(
G(c)

)
with c ∈ Rm and γ(c). Note that this dimension

is uniquely determined by γ. According to the dimension dwe proceed as follows:
If the ideal is zero dimensional, i.e., d = 0, we eliminate the complete block of
existential quantifiers as described in the next Section 2.2. If the dimension is
−1, i.e., the ideal is actually the entire polynomial ring, and thus there is obviously
no zero of G, because 1 is member of the ideal. Our elimination result in this case
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is simply false. If the dimension is n, which is the number of main variables, we
have to reformulate the problem and call our quantifier elimination recursively as
described in Section 2.3. If, finally, the dimension is between 1 and n− 1 then we
eliminate the quantifier block with two recursive calls of our Hermitian quantifier
elimination as described in Section 2.4.

2.2 The zero-dimensional case

We want to eliminate the quantifiers from

γ ∧ ∃x1 · · · ∃xn
(∧
g∈G

g = 0 ∧
∧
h∈H

h > 0
∧
f∈F

f �= 0
)
,

where for each c in Rm with γ(c) we have that G(c) is Gröbner basis of the zero-
dimensional ideal Id

(
G(c)

)
. For this we use a method originally developed for

counting the real zeroes of Id
(
G(c)

)
w.r.t. the side conditions generated byH and

F .
The result of counting real zeroes we use was found independently by Peder-

sen, Roy, Szpirglas [PRS93] and Becker, Wörmann [BW94] generalizing a result
of Hermite for the bivariate case. It was adapted to the parametric case including
several side conditions by Weispfenning [Wei98] and further extended by the first
author [Dol94].

For a moment, assume that H = {h1, . . . , hr} and F = {f1, . . . , fs}. Let
E = {1, 2}r. For e ∈ E define he by

he =
r∏
i=1

h
ei
i ·

s∏
i=1

f 2
i .

For a univariate polynomial q define Z+(q) as the number of positive zeroes
and Z−(q) as the number of negative zeroes, respectively, both counted with mul-
tiplicities.

Consider R = Q(u1, . . . , um)[x1, . . . , xn] and let be I = Id(G) and B =
{v1, . . . , vb} the reduced terms of G. Then R(c)/I (c) is a Q-algebra with basis
B(c) for each c with γ(c). Note that each element in R can also be viewed as an
element of R/I . For q ∈ R, the map

mq : R/I → R/I, defined by mq(p) = q · p

is linear. Using this definition we define for a polynomial p ∈ R the b × b matrix
Qp = (qij) by

qij = trace(mvivjp).

Finally let χ(Qp) be the characteristic polynomial of Qp.
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Then we have for each c ∈ Rm with γ(c), that∣∣∣∣{a ∈ Rn
∣∣∣∣∧
g∈G

g(c)(a) = 0 ∧
∧
h∈H

h(c)(a) > 0 ∧
∧
f∈F

f (c)(a) �= 0
}∣∣∣∣

equals Z+(χ) −Z−(χ), where χ =
∏

e∈E χ(Qhe).
While the computations used so far are all uniform in c ∈ Rm with γ(c), we

cannot uniformly count Z+ or Z− for χ. Note that χ(c) is of real type, i.e., there
are no zeroes in C \ R. For those polynomials we can compute the number of
positive and negative zeroes using Descartes rule of signs. It states that the posi-
tive real zeroes of a polynomial χ(c) of real type are exactly the number of sign
changes in the list of coefficients of χ(c) ignoring 0. By considering χ(−c) one
can also compute the negative zeroes using Descartes rule of signs.

Let χ =
∑l

i=0 ai/biy
i, where ai, bi ∈ Q[u1, . . . , um]. For δ ∈ {<,=, >}l let ϕδ

be the formula
a1b1 δ1 0 ∧ · · · ∧ albl δl 0.

Using Descartes rule of signs we can now uniformly count the number Zδ
+ of

positive and the number Zδ
− of negative zeroes of χ(c) for all c ∈ Rm with γ(c)

and ϕδ(c).
Finally define ϕ by ∨

δ∈{<,=,>}l

{
ϕδ

∣∣∣ Zδ
+ −Zδ

− = 0
}
.

Our formula ϕ states that the polynomial χ has exactly the same number of pos-
itive as of negative real zeroes. A quantifier-free formula with this property is
called type formula for the polynomial χ. Recall from our discussion above that
in this situation G has no zeroes which satisfy the given side conditions. Thus our
final elimination result is γ ∧ ¬ϕ.

2.3 Constructing equations

We enter this case of the Hermitian quantifier elimination if the input formula does
not contain any equation or the dimension of Id

(
G(c)

)
is n, i.e., I (G) = {0} for c

with γ(c). In other words we consider the input formula

∃x1 · · · ∃xn
(∧
h∈H

h > 0 ∧
∧
f∈F

f �= 0
)
.

In this case, we can eliminate one quantifier, say xn, and the other quantifiers of
the considered block are eliminated by a recursive call of the Hermitian quantifier
elimination.
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Let h have a representation of the form
∑dh

k=0 ah,kx
k
n where each ah,k is a poly-

nomial in Q[u1, . . . , um, x1, . . . , xn−1] with ah,dh �= 0. Assume for a moment that
H = {h1, . . . , hr} and let D = ×rk=1{0, . . . , dhk}. For δ ∈ D we denote by δh the
s-th element of δ such that hs = h. Define P = { (hi, hj) | 1 ≤ i < j ≤ r } ⊆ H2.

For h ∈ H and d ∈ {0, . . . , dh} let Γhd be the following formula:

dh∧
k=d+1

ah,k = 0 ∧ ah,d �= 0.

For fixed h ∈ H the formulas Γhd build a complete disjunctive case distinction
of the degree of h under specifications of the parameters. Notice that it does not
matter at this point, if Γhd is equivalent to false. Let �d(h) =

∑d
k=0 ah,kx

k
n . We have

the equivalence

∃xn
(∧
h∈H

h > 0 ∧
∧
f∈F

f �= 0
)
←→

∨
δ∈D
∃xn
(∧
h∈H

Γhδh ∧ �δh (h) > 0 ∧
∧
f∈F

f �= 0
)
.

For each δ we then in turn transform the formulas

∃xn
(∧
h∈H

Γhδh ∧ �δh (h) > 0 ∧
∧
f∈F

f �= 0
)

separately to

∧
f∈F

df∨
i=0

af,i �= 0 ∧
((∧

h∈H
Γhδh ∧ ah,δh > 0

)
∨

(∧
h∈H

Γhδh ∧ ah,δh < 0 ∨ (Even(δh) ∧ ah,δh > 0)
)
∨

∨
p∈Q
∃xn
(∧
h∈H

Γhδh ∧ �δh (h) > 0 ∧ ∂p

∂xn
= 0
)
∨

∨
(p,q)∈P

∃xn
(∧
h∈H

Γhδh ∧ �δh (h) > 0 ∧ (p − q) = 0
))
,

where Q = { h ∈ H | δh ≥ 2 }. The used predicate Even(n) is true if and only if n
is even. Thus we have shown how to trace back this case to the case with at least
one existing equation in the input formula.

Let ϕ′ denote the complete transformed input formula. Then we apply the
Hermitian quantifier elimination to each quantified constituent and obtain, by
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eliminating xn, a quantifier-free equivalent ψ ′. Finally we apply the Hermitian
quantifier elimination again recursively to

∃x1 · · · ∃xn−1(ψ ′)

obtaining a quantifier-free equivalent ψ . The final result of the elimination step is
then

γ ∧ ψ.

2.4 Partial elimination

We enter this case of the Hermitian quantifier elimination if the dimension of G
is d with d ∈ {1, . . . , n − 1}. We compute a maximal strongly independent set
Ξ [KW88]. Let w.l.o.g. be Ξ = {x1, . . . , xk}. Then we apply recursively the
Hermitian quantifier elimination to

∃xk+1 · · · ∃xn
(∧
g∈G

g = 0 ∧
∧
h∈H

h > 0 ∧
∧
f∈F

f �= 0

)

and obtain a quantifier-free formula ψ ′. Then we apply our quantifier elimination
procedure again recursively to

∃x1 · · · ∃xk(ψ ′)

yielding ψ . Our quantifier-free result is then γ ∧ψ . This concludes the description
of the Hermitian quantifier-elimination.

3 Generic Hermitian Quantifier Elimination

In this section we discuss our changes to the algorithm for obtaining a generic
quantifier elimination. As already mentioned in the introduction, a generic quan-
tifier elimination computes for a first-order formula ϕ a quantifier-free formula ϕ′

and a conjunction Θ of negated equations in the parameters u1, . . . , um such that

Θ −→ (ϕ ←→ ϕ′).

Θ is called a theory. Recall from our discussion in the previous section that our
quantifier elimination algorithm is recursive. In each recursive call we consider
variables originally bound by quantifiers as additional parameters. Obviously we
are not allowed to add assumptions about these additional parameters to Θ. To
guarantee this restriction we denote by v1, . . . , vm the set of parameters of the
input formula. In the discussion below we will always test whether an assumption
is valid by checking whether it contains only variables from {v1, . . . , vm}.
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3.1 Generic Gröbner Systems

Our first and most prominent modification to the pure elimination algorithm is to
compute in the preparation phase a generic Gröbner system instead of a regular
one.

Let < be a term order and let p = c1t1 + · · · + cdtd be a polynomial in
Q[u1, . . . , um][x1, . . . , xn], where c1, . . . , cd ∈ Q[u1, . . . , um] and td > · · · > t1
terms. Then the head term of p is cd. For a given c ∈ Rm this may or may not be
true for the polynomial p(c). It depends on whether cd(c) �= 0 or not. During the
construction of a Gröbner system we systematically construct a case distinction
about some parameters of the occurring polynomials. In each case of this case
distinction the head term of all polynomials is uniformly determined.

A generic Gröbner system allows us to exclude some cases by adding assump-
tions to Θ. In particular if cd contains only parameters from {v1, . . . , vm} we add
cd �= 0 to Θ and assume in the following computation steps that the head term of
p is td.

We denote by � a suitable heuristic to decide an implication: If γ � α, then
we have the validity of γ −→ α. Note that the construction of a Gröbner system
requires that this heuristic can actually decide some implications.

The first algorithm extends a partial Gröbner system by an additional polyno-
mial. Note that we assume that the theory Θ to be computed is globally available.

We use the following notations: HC(f ) is the head or leading coefficient of
f w.r.t. our fixed term order, Red(f ) is the polynomial up to the head monomial,
Var(f ) is the set of variables actually occurring in f .

Algorithm 1 (extend) Input: A partial system S, a branch (γ, G), and two poly-
nomials h and h′. Output: An extended partial system.

1 if h′ = 0 then
2 return S ∪ {(γ, G)}
3 else if Var

(
HC(h′)

) ⊆ {v1, . . . , vm} then
4 Θ := Θ ∧ (HC(h′) �= 0)
5 return S ∪ {(γ, G ∪ {h})}
6 else if γ ∧ Θ � HC(h′) �= 0 then
7 return S ∪ {(γ, G ∪ {h})}
8 else if γ ∧ Θ � HC(h′) = 0 then
9 return extend(S, (γ, G), h, Red(h′))

10 else
11 S ′ :=

{(
γ ∧ HC(h′) �= 0, G ∪ {h})}

12 return extend(S ′, (γ ∧ HC(h) = 0, G), h, Red(h′))
13 fi

This algorithm differs from the algorithm for regular Gröbner systems by ac-
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cessing the theory Θ and by the lines 3 and 4 for generating new assumptions.
For computing a Gröbner system we start with computing an initial partial

system S by calling the following algorithm Initialize with input Ĝ.

Algorithm 2 (Initialize) Input: A finite set H of polynomials. Output: A partial
system.

1 begin
2 S := {(true, ∅)}
3 for each h ∈ H do
4 for each (γ, G) ∈ S do
5 S := S \ {(γ, G)}
6 S := extend(S, (γ, G), h, h)
7 od
8 od
9 end

For computing the Gröbner system from the partial system we proceed as
follows: We select a branch (γ, G) of S, compute S ′ = S \ {(γ, G)}. Then we
select g1, g2 from G such that the normal form h of the S-polynomial of g1, g2 is
not 0. Finally we extend S ′ by (γ, G), h and h. This process is repeated until the
normal form of all S-polynomials is 0.

As mentioned above the generic variant of the Gröbner system computation
allows us to drop branches. Recall from the presentation of our quantifier elim-
ination algorithm that we have to perform for each branch a separate quantifier
elimination. If we are on the top-level of our quantifier-elimination algorithm
we actually compute a Gröbner system containing one single branch, because the
condition on line 3 of the algorithm “extend” is tautological in this situation. This
reduces, in general, both the computation time and the size of the output formula
dramatically. As a rule, observed from our sample computations, we compute
only a few assumptions which can often be easily interpreted.

3.2 Generic Equation Construction

In Section 2.3 we have discussed how to construct an equation from a set of or-
dering relations. In this section we adapt this to the generic case.

Recall that we generate a complete case distinction about the highest coeffi-
cient of each h ∈ H . The size of this case distinction can be reduced by making
appropriate assumptions as shown below.

For h ∈ H let

nh = max
({−1} ∪ { i ∈ {0, . . . , dh} ∣∣ Var(ah,i) ⊆ {v1, . . . , vm}

})
.
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For all nh with h ∈ H and nh ≥ 0 we add the assumption ah,nh �= 0 to our theory
Θ. Let finally D′ = ×rk=1{max(0, nh), . . . , dh}. Then we can proceed with the
transformation described in Section 2.3 using D′ instead of D. Note that D′ ⊆ D
and often D′ � D.

3.3 Generic Type Formula Computation

In this section we discuss an approach to computing generic type formulas.
The type formula construction presented in Section 2.2 is a primitive version

of the method used in our highly optimized Hermitian quantifier elimination. We
actually compute a type formula τd for a polynomial p =

∑d
i=0 ciy

i of degree d
recursively:

τd(cd, . . . , c0) ≡ (c0 = 0) ∧ τd−1 ∨ τ ′d(cd, . . . , c0).

The recursion basis are the simple type formulas up to the degree 3. The defini-
tion of τ ′d is similar to the definition of τd, but assumes a non-vanishing constant
coefficient which implies the absence of the zero 0. The formula τ ′d is actually a
disjunctive normal form. Each constituent has the following schema

ck1 �k1 0 ∧ · · · ∧ ckl �kl 0,

where {k1, . . . , kl} ⊆ {1, . . . , d} and �kj ∈ {<,>}.
For our generic type formula computation we cannot make use of our assump-

tion for computing τ ′d. If Var(c0) ⊆ {v1, . . . , vm} we can however avoid the recur-
sion by adding c0 �= 0 to Θ. This reduces the size of the output formula dramat-
ically and if it occurs in the recursions it reduces the computation time, too. Our
test computations have, however, shown that, in general, the assumptions made
here are very complex and cannot be easily interpreted. For our application of
automated theorem proving we have thus not analyzed this method further. This
does not mean that generic type formulas are an irrelevant optimization for other
application areas of generic quantifier elimination.

4 Examples

In this section we will apply our elimination algorithm to some automatic proofs
of geometric theorems. We have implemented the algorithm in REDLOG 3.0,
which is part of the current version 3.8 of the computer algebra system REDUCE.

For the geometric theorem proving we proceed here as described in [DSW98].
Our examples will show the meaning of the assumptions which are created during
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Figure 1: Example 1 (left) and Example 2 (right)

the computations. In most cases, these assumptions can be interpreted as (nec-
essary) non-degeneracy conditions, so they have a powerful geometric interpre-
tation. Note that the constructed assumptions may not be a complete list of non-
degeneracy conditions for the particular example. We will also show that generic
Hermitian quantifier elimination will speed up the elimination procedure and will
create smaller solution formulas than the regular Hermitian quantifier elimination.
We explain in detail how to express a geometric theorem as a first-order formula
by means of our first example.

Example 1 Given a parallelogram ABCD, let E be the intersection point of its
diagonals. Then E is the midpoint of the diagonals (see Figure 1). This example
was taken from [Cho88]. By a suitable motion in R2 we can assume w.l.o.g.

A = (0, 0), B = (u1, 0), C = (u2, u3), D = (x2, x1), E = (x4, x3).

We now can describe the necessary properties to our statement by the following
equations:

h1 ≡ u1x1 − u1u3 = 0 AB‖DC
h2 ≡ u3x2 − (u2 − u1)x1 = 0 DA‖CB
h3 ≡ x1x4 − (x2 − u1)x3 − u1x1 = 0 E ∈ BD
h4 ≡ u3x4 − u2x3 = 0 E ∈ AC
g ≡ 2u2x4 + 2u3x3 − u2

3 − u2
2 = 0 Length(AE) = Length(CE)

The theorem can then be formulated as ∀x1∀x2∀x3∀x4(h1∧h2∧h3∧h4 → g). The
application of our elimination algorithm leads in 30 ms to the result

Θ ≡ u1 �= 0 ∧ u3 �= 0, ϕ′ ≡ true .

The theory Θ states that ABCD is a proper parallelogram, i.e., opposite edges do
not collapse. Non-generic Hermitian quantifier elimination yields in 170 ms a
quantifier-free formula consisting of 24 atomic formulas.

13



Example 2 Let O be the center of the circumcircle of a triangle ABC. If O does
not lie outside of ABC, then ∠ACB = ∠AOB/2. See Figure 1. This example
was taken from [Stu99].

W.l.o.g. we can assume the following coordinates

A = (−u1, 0), B = (u1, 0), C = (u2, u3), O = (0, x1), F = (0, u3).

We express the theorem as follows:

∀r∀x1∀t1∀t2∀t∀t′
(
r2 = u2

1 + x
2
1 ∧ r2 = u2

2 + (u3 − x1)2 ∧
u3t1 = u1 + u2 ∧ u3t2 = u1 − u2 ∧ (1 − t1t2)t = t1 + t2 ∧
x1t

′ = u1 → t = t′
)
.

Generic Hermitian quantifier elimination on this formula leads in 10 ms to the
result

Θ ≡ u2
1 − u2

2 − u2
3 �= 0 ∧ u3 �= 0, ϕ ≡ true.

We now take a closer look at Θ. u3 �= 0 ensures that not all points of the triangle
lie on the x-axis. This is a necessary non-degeneracy condition. The assumption
u2

1−u2
2−u2

3 �= 0 prevents that the midpoint of the circumcircle lies on the edgeAB.
We have proved this theorem if the constructed non-degeneracy assumptions hold.
Actually the theorem holds for u3 �= 0, i.e., the second assumption is superfluous.

Example 3 (Feuerbach’s Theorem) The nine point circle of a triangle is tangent
to the incircle and to each of the excircles of the triangle. See [Cho88] for a
formulation of this problem. We get the following elimination result:

Θ ≡ u1u3 + u
2
2 �= 0 ∧ u1 + 2u2 + u3 �= 0 ∧ u1 + u2 �= 0 ∧ u1 − u2 �= 0

∧u1 − 2u2 + u3 �= 0 ∧ u1 − u3 �= 0 ∧ u1 �= 0 ∧ u2 + u3 �= 0 ∧ u2 − u3 �= 0 ∧
u2 �= 0 ∧ u3 �= 0,

ϕ ≡ u1 − u3 �= 0.

ϕ is obviously equivalent to true under the assumption of Θ. While we receive
this result in 350 ms, regular Hermitian quantifier elimination cannot eliminate
the quantifiers using 128MB.

Example 4 (M. Paterson’s problem) triangle ABC be a traingle. Erect three
similar isosceles triangles A1BC, AB1C, and ABC1 on the sides of this triangle
Then AA1, BB1 and CC1 are concurrent. How does the point of concurrency
moves as the areas of the three similar triangles are varied between 0 and ∞.
This example is actually an example for theorem finding and not only theorem
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proving. See Chou [Cho88] for a description of this problem. We get the following
elimination result:

Θ ≡ u1u2 − u2x − u3y �= 0 ∧ u2 − x �= 0 ∧ u2 �= 0 ∧ u3 − y �= 0 ∧ y �= 0,

ϕ′ ≡ u2
1u2y + u

2
1u3x − 2u2

1xy + u1u
2
2y − 2u1u2u3x + 2u1u2xy − u1u

2
3y

−u1u3x
2 + u1u3y

2 − 2u2
2xy + 2u2u3x

2 − 2u2u3y
2 + 2u2

3xy = 0 ∨ u1 = 0.

The result is obtained in 60 ms and describes a geometric locus. If one uses non-
generic Hermitian quantifier elimination for eliminating, the result is obtained in
2,8 seconds and consists of 295 atomic formulas.

5 Conclusions

We have presented a generic quantifier elimination method based on Hermitian
quantifier elimination. For this purpose we have analyzed where making assump-
tions on parameters may support the algorithm: We compute generic Gröbner
systems instead of regular ones reducing the practical complexity of our algo-
rithm in all cases. In the special case that no equations occur in the input, we have
additionally reduced the number of recursions needed.

By example computations we have shown that our generic Hermitian quanti-
fier elimination can be successfully used for automatic theorem proving and the-
orem finding. In all examples the results are considerably shorter and the compu-
tation times are much faster than for regular Hermitian quantifier elimination.
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