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Abstract

redlog stands for reduce logic system� It provides an extension of the
computer algebra system reduce to a �computer logic system� implement�
ing symbolic algorithms on �rst�order formulas wrt� temporarily �xed �rst�
order languages and theories� Underlying theories currently available are
ordered �elds and discretely valued �elds� Though the focus of the imple�
mented algorithms is on e�ective quanti�er elimination and simpli�cation of
quanti�er�free formulas� redlog is intended and designed as an all�purpose
system� redlog is freely available to the scienti�c community�
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Permission is granted to use the free scienti�c redlog version available
on http���www�fmi�uni�passau�de��redlog� for scienti�c purposes�

Incorporation of the free scienti�c redlog version into other programs�
modi�cation� redistribution� and commercial use are strictly prohibited�

There is a commercial redlog version marketed� It provides the same
functionality as the scienti�c one but includes a program documentation� In
contrast to the scienti�c version� it may be used for commercial purposes�
incorporated into other programs� and modi�ed� For obtaining the commer�
cial version mail to redlog�fmi�uni�passau�de� Our group also provides
mathematical and technical support�

For all redlog versions� there is no warranty for the program� to the
extent permitted by applicable law� Except when otherwise stated in writ�
ing the copyright holders and�or other parties provide the program �as is�
without warranty of any kind� either expressed or implied� including� but
not limited to� the implied warranties of merchantability and �tness for a
particular purpose� The entire risk as to the quality and performance of the
program is with you� Should the program prove defective� you assume the
cost of all necessary servicing� repair or correction�

Bug Reports and Comments

Send bug reports and comments to redlog�fmi�uni�passau�de� Any
hint or suggestion is welcome� In particular� we are interested in short reports
on practical problems to the solution of which our software has contributed�
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� Introduction

��� Overview

redlog stands for reduce logic system� It provides an extension of the
computer algebra system reduce to a computer logic system implementing
symbolic algorithms on �rst�order formulas wrt� temporarily �xed �rst�order
languages and theories� Underlying theories currently available are ordered
�elds and discretely valued �elds where the focus is on the former one�

The focus of the implemented algorithms is on e�ective quanti�er elimi�
nation and simpli�cation of quanti�er�free formulas� For ordered �elds there
are currently the following algorithms available�

� Several techniques for the simpli�cation of quanti�er�free formulas� The
simpli�ers do not only operate on the Boolean structure of the formulas
but also discover algebraic relationships� For this purpose� we make
use of advanced algebraic concepts such as Groebner basis computa�
tions� For the notion of simpli�cation and a detailed description of the
implemented techniques cf� �DS��� �Chapter 
 �References�� page 	���

� Quanti�er elimination� i�e�� computing quanti�er�free equivalents for
given �rst�order formulas� The current implementation is restricted to
at most quadratic occurrences of the quanti�ed variables� We use a tech�
nique based on elimination set ideas �Wei���� �LW�
�� �Wei� �Chapter 

�References�� page 	���

� A variant of the quanti�er elimination procedure for geometric the�
orem proving� Non�degeneracy conditions are detected automatically
�DSW��� �Chapter 
 �References�� page 	��� This has turned out useful
also for physical applications such as network analysis �Stu��� �Chap�
ter 
 �References�� page 	���

� Variants of both classical and generic quanti�er elimination that provide
answers� e�g�� satisfying sample points for existentially quanti�ed formu�
las� This has been referred to as the �extended quanti�er elimination
problem� �Wei��� �Chapter 
 �References�� page 	���

� Linear optimization using quanti�er elimination techniques �Wei��a�
�Chapter 
 �References�� page 	���

� cnf�dnf computation including both Boolean and algebraic simpli�ca�
tion strategies �DS��� �Chapter 
 �References�� page 	���

� Several other normal form computations� e�g�� prenex normal form com�
putation minimizing the number of quanti�er changes�

� A lot of useful tools for constructing� decomposing� and analyzing for�
mulas�
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For discretely valued �elds there are not all algorithms available� Cur�
rently� this manual focuses on ordered �elds� Users interested in discretely
valued �elds are asked to study the ordered �eld documentation for now� and
to try out what works� For the theoretical background of the discretely val�
ued �elds algorithms cf� �Wei���� �Stu��� �Chapter 
 �References�� page 	���

For ordered �elds� it is planned to extend the quanti�er elimination to
higher degrees� On the mathematical side� the necessary methods are known
�Wei�� �Wei��b� �Chapter 
 �References�� page 	���

This document serves as an user guide describing the usage of redlog
from the algebraic mode of reduce� For a detailed description of the sys�
tem�s design see �DS��� �Chapter 
 �References�� page 	��� A program doc�
umentation is available only with the commercial version of redlog�

Finally� we wish to point out that the range of available algorithms is
strongly in�uenced by our major research topics in this area� i�e�� quanti�
�er elimination and simpli�cation� Nevertheless� redlog is designed as a
general�purpose computer logic system�

��� Getting Started

redlog is a reduce package� which has to be loaded explicitly� This is
done by the following command within reduce�

load�package rl�

Before starting work� a context has to be selected�

��� Contexts

redlog is designed for working with several languages and theories in
the sense of logic� Both a language and a theory make up a context� In
addition� a context determines the internal representation of terms� The
context to be used has to be selected explicitly� This can be done in several
ways� The �rst possibility is using the rlset command�

Functionrlset �context �arguments�����
Functionrlset argument�list

Set current context� Currently� valid choices for context are
ofsf �ordered �elds standard form� and dvfsf �discretely val�
ued �elds standard form�� With ofsf no further arguments are
possible� With dvfsf one can pass the �maximal� characteristic
of the residue class �elds wrt� the valuation as a �negative� prime
number� The default is �� leading to computations that are cor�
rect for all discretely valued �elds� rlset returns the old setting
as a list that can be saved to be passed to rlset later� When
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called with no arguments �or the empty list�� rlset returns the
current setting�

Alternatively� there are two ways to de�ne a default context� Either by
setting a reduce �uid variable before loading �rl� or by setting an environ�
ment variable before starting reduce�

Fluidrlde�ang��
Default language� This may be bound to a default context before
loading �rl�� Typically� one would add the following line to the
��reducerc� �le�

lisp 	rldeflang
� �� 
	ofsf���

Notice that the Lisp list representation has to be used here� If
rldeflang
� is non�nil� rlset is automatically executed when
loading �rl��

Using an environment variable� in contrast� does not allow to specify
extra arguments�

Environment VariableRLDEFLANG
Default language� This may be bound to a context in the sense
of the �rst argument of rlset� e�g�� with the Bash shell one
would say�

export RLDEFLANG�ofsf

With RLDEFLANG set� any rldeflang
� binding is overloaded�

��� On the Use of Switches

redlog contains numerous switches� Some of them have been introduced
only for �nding the right �ne tuning of the functions� They should not
be changed anymore� except for in very special situations� For an easier
orientation the switches are divided into three categories for documentation�

�� �Switch�� an ordinary switch�

	� �Fix Switch�� you do not want to change it�


� �Advanced Switch�� you need a good knowledge about the underlying
algorithms for making use of it�
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� Format andHandling of Formulas

After loading redlog and selecting a context� there are �rst�order for�
mulas available as an additional type of expressions�

��� First�order Operators

Though the operators and� or� and not are already su�cient for rep�
resenting Boolean formulas� redlog provides a variety of other Boolean
operators for the convenient mnemonic input of Boolean formulas�

Unary Operatornot
n�ary In�x Operatorand
n�ary In�x Operatoror

Binary In�x Operatorimpl
Binary In�x Operatorrepl
Binary In�x Operatorequiv

The in�x operator precedence is from strongest to weakest� and�
or� impl� repl� equiv�

Fix Switchrlbrop
Bracket all operators� By default this switch is on� which causes
some private printing routines to be called for formulas� All
subformulas are bracketed completely making the output more
readable�

Binary Operatorex
Binary Operatorall

These are the quanti�ers� The �rst argument is the quanti�ed
variable� the second one is the matrix formula� Optionally� one
can input a list of variables as �rst argument� This leads to an
expansion into several nested quanti�ers�

Variabletrue
Variablefalse

These am variables are reserved� They serve as truth values�

for loop actionmkand
for loop actionmkor

Make and�or� Actions for the construction of large systematic
conjunctions�disjunctions via for loops�
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for i����� mkand
for j����� mkor

if j��i then mkid�x�i�	mkid�x�j��
�
� true and �false or false or x� 	 x� � 


or x� 	 x� � 
�
and �false or x� 	 x� � 
 or false

or x� 	 x� � 
�
and �false or x� 	 x� � 
 or x� 	 x� � 


or false�

��� OFSF Operators

The ofsf context implements ordered �elds over the language of ordered
rings� Proceeding this way is very common in model theory since one wishes
to avoid functions which are only partially de�ned� Furthermore� we wish to
point out� that the quanti�er elimination procedures for non�linear formulas
actually operate over real closed �elds�

Binary In�x operatorequal
Binary In�x operatorneq
Binary In�x operatorleq
Binary In�x operatorgeq
Binary In�x operatorlessp
Binary In�x operatorgreaterp

The above operators may also be written as �� ��� ��� ��� ��
and �� respectively� For ofsf there is speci�ed that all right
hand sides must be zero� Non�zero right hand sides in the input
are hence subtracted immediately to the corresponding left hand
sides� There is a facility to input chains of the above relations�
which are also expanded immediately�

a��b�c�d�f
� a
b �� 
 and b
c � 
 and c
d � 
 and d
f � 


Here� only adjacent terms are related to each other�

��� DVFSF Operators

Discretely valued �elds are implemented as a one�sorted language using
the operators �� ��� �� and ��� which encode ��� �� �� and �� in the value
group� respectively�
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Binary In�x operatorequal
Binary In�x operatorneq
Binary In�x operatordiv
Binary In�x operatorsdiv
Binary In�x operatorassoc
Binary In�x operatornassoc

The above operators may also be written as �� ��� �� ��� �� and
��� respectively�

��� Extended Built�in Commands

The reduce substitution command sub can be applied to formulas using
the usual syntax�

Data Structuresubstitution list
substitution list is a list of equations each with a kernel left hand
side�

Functionsub substitution list formula
Substitute� Returns the formula obtained from formula by ap�
plying the substitutions given by substitution list�

sub�a�x�ex�x�x
a�
 and all�x�x
b�
 or ex�a�a
b�
�����
� ex x
 � 
 x 	 x
 � 
 and all x
 �


 b 	 x
 � 
 or ex a �a 
 b � 
���

sub works in such a way that equivalent formulas remain equiv�
alent after substitution� In particular� quanti�ers are treated
correctly�

Functionpart formula n� �n� �n������
Extract a part� The part of formula is implemented analogously
to that for built�in types� in particular the �th part is the oper�
ator�

Functionlength formula
Determine the length� The length of formula is the number
of arguments to the top�level operator� This is of particu�
lar interest with the n�ary operators and and or� Notice that
part	formula�length	formula�� is the part of largest index�

��� Advanced Features

Functionrlall formula �exceptionlist�
Universal closure� exceptionlist is a list of variables empty by
default� Returns formulawith all free variables universally quan�
ti�ed� except for those in exceptionlist�
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Functionrlex formula �exceptionlist�
Existential closure� exceptionlist is a list of variables empty
by default� Returns formula with all free variables existentially
quanti�ed� except for those in exceptionlist�

Functionrlmatrix formula
Matrix computation� Removes all leading quanti�ers from for�
mula�
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� Simpli�cation

The goal of simplifying a �rst�order formula is to obtain an equivalent for�
mula over the same language that is somehow simpler� redlog knows three
kinds of simpli�ers� The standard simpli�er� tableau simpli�ers� and Groeb�
ner simpli�ers� They are all described in �DS��� �Chapter 
 �References��
page 	���

��� Standard Simpli�er

The Standard Simpli�er is a fast simpli�cation algorithm that is fre�
quantly called internally by other redlog algorithms� It can be applied
automatically at the expression evaluation stage �see Chapter � �Miscella�
neous�� page 		��

Data Structuretheory
A list of atomic formulas assumed to hold�

Functionrlsimpl formula �theory �depth��
Simplify� formula simpli�ed recursively� depth is an integer de�
scribing a level where recursion has to be stopped� Defaults
for the optional arguments are the empty theory �� and level
��� The latter causes the whole formula to be simpli�ed� The
simpli�cation includes the following features�

� Producing canonical forms for atomic formulas�

� Proper treatment of truth values�

� Flattening nested n�ary operator levels and resolving invo�
lutive applications of not�

� Changing repl to impl�

� Considering interaction of atomic formulas on the same level
�switch rlsism��

� Producing a canonical ordering among the atomic formulas
on a given level �switch rlsisort��

� Recognizing equal subformulas on a given level �switch
rlsichk��

� Passing down information that is collected during recursion
�switches rlsism� rlsiidem��

In the ofsf case the atomic formula simpli�cation includes the
following�

� Evaluation of variable�free atomic formulas to truth values�
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� Evaluation of trivial square sums to truth values �switch
rlsisqf�� Additive splitting of trivial square sums �switch
rlsitsqspl��

� Parity decomposition �similar to square�free decomposition�
of terms �switch rlsipd� with the option to split an atomic
formula multiplicatively into two simpler ones �switches
rlsiexpl� rlsiexpla��

� Moving the not operator into the relation with a single
negated atomic formula�

Theory inconsistency may but need not be detected by rlsimpl�
In the �rst case� an error is raised� Else� mind that under an
inconsistent theory� any formula is equivalent to the input�

Switchrlsisqf
Simplify square�free� By default this switch is on� Enables sim�
pli�cations based on square�free part computations� square�free
decompositions� and trivial square�sums�

rlsimpl�a��� 	 ��a�b 	 b��� �� 
��
� a	b �� 


rlsimpl�a��� 	 b��� 	 � � 
��
� true

Switchrlsifac
Simplify factorization� By default this switch is on� It is ig�
nored with rlsisqf o�� Explodes equations and inequations
via factorization of their left hand side terms into disjunctions
and conjunction� respectively� This is done in dependence on
rlsiexpl and rlsiexpla�

Switchrlsitsqspl
Simplify split trivial square sum� This is on by default� It is ig�
nored with rlsisqf o�� Trivial square sums are split additively
depending on rlsiexpl and rlsiexpla�

rlsimpl�a���	b����
��
� a �� 
 or b �� 


Switchrlsipd
Simplify parity decomposition� By default this switch is on� It
is only relevant with the switch rlsisqf on� rlsipd toggles the
parity decomposition of terms occurring with ordering relations�

f �� �a 
 ����� � �a 	 ����� �� 
�
� � � � � �

� a 	 a 
 ��a 
 ��a 	 ��a 	 ��a 
 a 
 � �� 
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rlsimpl f�
� �

� a 	 a 
 a 
 � �� 


Switchrlsiexpla
Simplify explode always� By default this switch is on� It is rele�
vant with rlsisqf and one of rlsipd� rlsifac� or rlsitsqspl
on�

f �� �a 
 ����� � �a 	 ����� ��
�
� � � � � �

� a 	 a 
 ��a 
 ��a 	 ��a 	 ��a 
 a 
 � �� 


rlsimpl f�
� a 
 � �� 
 or a 	 � � 


Switchrlsiexpl
Simplify explode� By default this switch is on� It is relevant
with rlsisqf and one of rlsipd� rlsifac� or rlsitsqspl on�
With rlsiexpl on

� � � � � �
a 	 a 
 ��a 
 ��a 	 ��a 	 ��a 
 a 
 � �� 


simpli�es as in the description of the switch rlsiexpla whenever
it occurs in a disjunction� and it simpli�es as in the description
of the switch rlsipd else�

Switchrlsipw
Simpli�cation prefer weak orderings� Prefers weak orderings in
contrast to strong orderings with theory simpli�cation� rlsipw
is o� by default which leads to the following behavior�

rlsimpl�a��
 and �a��
 or b�
���
� a �� 
 and �a � 
 or b � 
�

This meets the simpli�cation goal of small satisfaction sets for
the atomic formulas leading� e�g�� to the following behavior�

rlsimpl�a��
 and �a�
 or b�
���
� a �� 
 and �a �� 
 or b � 
�

Switchrlsipo
Simpli�cation prefer orderings� Prefers orderings in contrast to
inequations with theory simpli�cation� rlsipo is on by default
which leads to the following behavior�

rlsimpl�a��
 and �a��
 or b�
���
� a �� 
 and �a � 
 or b � 
�

This meets the simpli�cation goal of small satisfaction sets for
the atomic formulas� Turning it on leads� e�g�� to the following
behavior�

rlsimpl�a��
 and �a�
 or b�
���
� a �� 
 and �a �� 
 or b � 
�
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Here� we meet the simpli�cation goal of convenient relations
when orderings are considered inconvenient�

Fix Switchrlsism
Simplify smart� By default this switch is on� See the description
of the function rlsimpl for its e�ects�

rlsimpl�x�
 and x	��
��
� false

Fix Switchrlsichk
Simplify check� By default this switch is on enabling checking
for equal sibling subformulas�

rlsimpl��x�
 and x
��
� or �x�
 and x
��
���
� �x�
 and x
��
�

Fix Switchrlsiidem
Simplify idempotent� By default this switch is on� It is relevant
only with switch rlsism on� Its e�ect is that rlsimpl is idem�
potent� i�e�� an application of rlsimpl to an already simpli�ed
formula yields the formula itself�

Fix Switchrlsiso
Simplify sort� By default this switch is on� It toggles the sorting
of the atomic formulas on the single levels�

rlsimpl��a�
 and b�
� or �b�
 and a�
���
� a � 
 and b � 


��� Tableau Simpli�er

Although our deep simpli�er already combines information located on
di�erent Boolean levels� it preserves the basic Boolean structure of the for�
mula� The tableau methods� in contrast� provide a technique for changing
the Boolean structure of a formula by constructing case distinctions� Com�
pared to the standard simpli�er they are much slower�

Data Structurecdl
Case distinction list is a list of atomic formulas considered dis�
junctively�

Functionrltab formula cdl
Tableau method� The result is a tableau wrt� cdl� i�e�� a sim�
pli�ed equivalent of the disjunction over the specializations wrt�
all atomic formulas in cdl�

Functionrlatab formula
Automatic tableau method� Tableau steps wrt� a case distinc�
tion over the signs of all terms occurring in formula are computed
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and the best result� i�e�� the result with the minimal number of
atomic formulas is returned�

Functionrlitab formula
Iterative automatic tableau method� formula is simpli�ed by
iterative applications of rlatab� The exact procedure depends
on the switch rltabib�

Switchrltabib
Tableau iterate branch�wise� By default this switch is on� It
controls the procedure rlitab� If rltabib is o�� rlatab is
iteratively applied to the argument formula as long as shorter
results can be obtained� In case rltabib is on� the respective
next tableau step is not applied to the last tableau result but to
each branch� The iteration stops when the obtained formula is
not smaller than the respective input�

��� Groebner Simpli�er

The Groebner simpli�er is a special simpli�er of the ofsf package� It con�
siders order theoretical and algeraic simpli�cation rules between the atomic
formulas of the input formula� Currently the Groebner simpli�er is not idem�
potent� The name is derived from the main mathematical instrument used
for simpli�cation� Computing Groebner bases of certain subsets of terms
occurring in the atomic formulas�

For calling the Groebner simpli�er there are the following functions�

Functionrlgsc formula �theory�
Functionrlgsd formula �theory�
Functionrlgsn formula �theory�

Groebner simpli�er� formula is a quanti�er�free formula� De�
fault for the optional argument is the empty theory ��� These
commands to invoke the Groebner simpli�er di�er only in the
Boolean normal form which is computed at the beginning� rlgsc
computes a conjunctive normal form� rlgsd a disjunctive normal
form� and rlgsn computes either a conjunctive or a disjunctive
normal form in dependency on the structure of formula� After
computing the respective normal form the formula is simpli�ed
using Groebner simpli�cation techniques� The returned formula
is equivalent to the input formula under the theory�

rlgsd�x�
 and ��y � 
 and x���	��y � 
� or
�z�
 and x���	z �� 
����

� x � 
 and z � 


rlgsc�x neq 
 or ��y neq 
 or x���	��x�y �� 
� and
�z neq 
 or x���	z � 
����

� x �� 
 or z �� 
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As described above� the Groebner simpli�ers rlgsc and rlgsd di�er in
the normal form computation at the beginning of the simpli�cation� For
�at formulas the results of both are equal� In general� it is hard to decide�
which normal form� conjunctive or disjunctive� is smaller� Moreover� the
simpli�cation of the larger normal form can lead to a smaller �nal result
than that of the smaller one�

One possible approach is to consider the top level operator of the formula�

� Use rlgsc for formulas with top level operator and�

� Use rlgsd for formulas with top level operator or�

The procedure rlgsn implements this heuristic�

The Groebner simpli�er uses the Groebner package of reduce to com�
pute the various Groebner bases� By default� the revgradlex term order is
used and no optimizations of the ordering between the variables are applied�
The other switches and variables of the Groebner package are not controlled
by the Groebner simpli�er and may thus be adjusted by the user�

In contrast to the standard simpli�er rlsimpl� the Groebner simpli�ers
can produce formulas with more atomic formulas than the input� This�
however� cannot happen if the switches rlgsprod� rlgsred� and rlgssub
are o� and the input formula is a simpli�ed Boolean normal form�

The functionality of the Groebner simpli�ers rlgsc� rlgsd� and rlgsn is
controlled by numerous switches� In most cases the default settings lead to
a good simpli�cation�

Switchrlgsrad
Groebner simpli�er radical membership test� By default this
switch is on� If the switch is on the Groebner simpli�er does
not only use ideal membership tests for simpli�cation but also
radical membership tests� This leads to better simpli�cations
but needs considerably more time�

Switchrlgssub
Groebner simpli�er substitute� By default this switch is on�
Certain subsets of atomic formulas are substituted by equivalent
ones� Both the number of atomic formulas and the complexity
of the terms may increase or decrease independently�

Switchrlgsbnf
Groebner simpli�er Boolean normal form� By default this switch
is on� Then the simpli�cation starts with a Boolean normal form
computation� If the switch is o� the simpli�ers expect a Boolean
normal form as the argument formula�
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Switchrlgsvb
Groebner simpli�er verbose� By default this switch is on� It
toggles verbosity output of the Groebner simpli�er� Verbosity
output is given if and only if both rlverbose and rlgsvb are on�

Advanced Switchrlgsprod
Groebner simpli�er product� By default this switch is o�� If this
switch is on then conjunctions of inequalities and disjunctions of
equations are contracted multiplicatively to one atomic formula�
This reduces the number of atomic formulas but in most cases
it raises the complexity of the terms� Anyway� most simpli��
cations recognized by considering products are detected even if
rlgsprod is o��

Switchrlgsred
Groebner simpli�er reduce polynomials� By default this switch
is on� It controls the reduction of the terms wrt� the computed
Groebner bases� The number of atomic formulas is never in�
creased� Mind that by reduction the terms can become more
complicated�

Advanced Switchrlgserf
Groebner simpli�er evaluate reduced form� By default this
switch is on� It controls the evaluation of the atomic formu�
las to truth values� If this switch is on� the standard simpli�er
is used to evaluate atomic formulas� Otherwise atomic formulas
are only evaluated if their left hand side is a domain element�

Advanced Switchrlgsutord
Groebner simpli�er user de�ned term order� By default this
switch is o�� Then all Groebner basis computations and reduc�
tions are performed with respect to the revgradlex term order�
If this switch is on the Groebner simpli�er minds the term order
selected with the torder statement� For passing a variable list
to torder� note that rlgsradmemv
� is used as the tag variable
for radical membership tests�
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� Normal Forms

��� Boolean Normal Forms

Functionrlcnf formula
Conjunctive normal form� formula is a quanti�er�free formula�
Returns a conjunctive normal form of formula�

rlcnf�a � 
 and b � 
 or b � 
 and c � 
��
� �a � 
 or c � 
� and b � 


Functionrldnf formula
Disjunctive normal form� formula is a quanti�er�free formula�
Returns a disjunctive normal form of formula�

rldnf��a � 
 or b � 
� and �b � 
 or c � 
���
� �a � 
 and c � 
� or b � 


Fix Switchrlbnfsac
Boolean normal forms subsumption and cut� By default this
switch is on� With Boolean normal form computation� sub�
sumption and cut strategies are applied to decrease the number
of clauses� We give an example�

rldnf�x�
 and y�
 or x�
 and y�
 or x�
 and y��
 and z�
��
� �x � 
 and y �� 
�

Switchrlbnfsm
Smart Boolean normal form� By default this switch is o�� If
on� simpli�er recognized implication is applied with cnf and
dnf computations� This leads to smaller normal forms but is
considerably time consuming�

��� Other Normal Forms

Functionrlnnf formula
Negation normal form� Returns a negation normal form of for�
mula� This is an and�or�combination of either atomic or negated
atomic formulas� This function also copes with quanti�ers� In
the ofsf case the result does not even contain negated atomic
formulas since the negations can be encoded by relations� We
give an example�

rlnnf�a � 
 equiv b � 
��
� �a � 
 and b � 
� or �a �� 
 and b �� 
�
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Functionrlpnf formula
Prenex normal form� Returns a prenex normal form of formula�
The number of quanti�er changes in the result is minimal among
all prenex normal forms that can be obtained from formula by
only moving quanti�ers to the outside�

When formula contains two quanti�ers with the same variable
such as in

�x�x � �� � �x�x �� ��

there occurs a name con�ict� It is resolved according to the
following rules�

� Every bound variable that stands in con�ict with any other
variable is renamed�

� Free variables are never renamed�

Hence rlpnf applied to the above example formula yields
rlpnf�ex�x�x�
� and ex�x�x��
���

� ex x
 ex x� �x
 � 
 and x� �� 
�

Functionrlapnf formula
Anti�prenex normal form� Returns a positive formula equivalent
to formula where all quanti�ers are moved to the inside as far
as possible�

rlapnf ex�x�all�y�x�
 or �y�
 and x�z����
� ex x �x � 
� or �all y �y � 
� and ex x �x 
 z � 
��



Chapter �� Quanti�er Elimination and Variants ��

� Quanti�er Elimination andVariants

redlog uses elimination set techniques for quanti�er elimination� Elim�
ination sets have been introduced in �Wei���� Our implementation is based
on the description of the linear case in �LW�
� and that of the quadratic case
in �Wei� �Chapter 
 �References�� page 	��� It includes� however� numerous
sophisticated optimizations�

��� Quanti�er Elimination

Functionrlqe formula �theory�
Quanti�er elimination� Returns a �hopefully� quanti�er�free
equivalent of formula �wrt� theory� where formulas has to obey
certain degree restrictions� The degree of all terms in the quanti�
�ed variables must be at most 	� Moreover� with the elimination
of one quanti�er� the degree in the other quanti�ed variables can
increase� In general� it cannot be determined by inspection of
the input formula whether the elimination will succeed� There
are various tricks for decreasing the degree of the input and of
intermediate results built in� In case that not all variables can
be eliminated� the resulting formula ist not quanti�er�free but
still equivalent�

Data Structureelimination answer
A list of condition�solution pairs� i�e�� a list of pairs consisting
of a quanti�er�free formula and a set of equations�

Functionrlqea formula �theory�
Quanti�er elimination with answer� Returns an elimination an�
swer obtained the following way� w�l�o�g�� the rlqea argument
is prenex� All quanti�er blocks but the outermost one are elim�
inated� For the latter the constructive information obtained by
the elimination is saved�

� In case the considered block is existential� for each evalua�
tion of the free variables we know the following� Whenever
a condition holds� the input formula is true under the given
evaluation� and the solution is one possible evaluation for
the outer block variables satisfying the matrix�

� The universally quanti�ed case is dual� Whenever a condi�
tion is false� the input formula is false and the solution is
one possible counterexample�

As an example we show how to �nd conditions and solutions for
a system of two linear formulas�



Chapter �� Quanti�er Elimination and Variants ��

rlqea ex�x�x	b���
 and a��x	b���
��
� 
 b�

� ��a� �b� 
 a��b� �� 
 and a� �� 
��x � 






���
a�

�a� � 
 or �a� � 
 and b� �� 
���x � infinity����

The answer can contain new constants named either infinity or
epsilon� followed by a number� All infinity�s are positive and
in�nite� and all epsilon�s are positive and in�nitesimal wrt� the
considered �eld� Nothing is known about the ordering among
the infinity�s and epsilon�s though this can be relevant for
the points to be solutions� With the switch rounded on� the
epsilon�s are evaluated to zero�

Switchrlqedfs
Quanti�er elimination depth �rst search� By default this switch
is o�� It is ignored with the switch rlqeheu on� which is the
default� Turning rlqedfs on makes rlqe work in a depth �rst
search manner instead of breadth �rst search� This saves space�
and with decision problems it might save time� In general� it
leads to larger results�

Switchrlqeheu
Quanti�er elimination search heuristic� By default this switch
is on� which causes the switch rlqedfs to be ignored� rlqe will
decide between bfs �breadth �rst search� and dfs �depth �rst
search� for each quanti�er block where dfs is chosen when the
problem is a decision problem�

Fix Switchrlqepnf
Quanti�er elimination make prenex normal form� By default
this switch is on� which causes that rlpnf is applied to formula
before starting the elimination process� If the rlqe argument is
already prenex� this switch can be turned o�� This may be in
particular useful with formulas containing equiv since currently
rlpnf applies rlnnf� and resolving equivalences can double the
size of a formula�

Advanced Switchrlqesr
Quanti�er elimination separate roots� This is o� by default� It
a�ects the technique for substituting two solutions of a quadratic
constraint during elimination�

The following two functions rlqeipo and rlqews are experimental im�
plementations� The idea there is to overcome the obvious disadvantages of
prenex normal forms with elimination set methods� In most cases� however�
the classical method rlqe has turned out superior�
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Functionrlqeipo formula �theory�
Quanti�er elimination in position� Returns a quanti�er�free
equivalent to formula by iteratively making formula anti�prenex
and eliminating one quanti�er�

Functionrlqews formula �theory�
Quanti�er elimination with selection� formula has to be prenex�
if the switch rlqepnf is o�� Returns a quanti�er�free equivalent
to formula by iteratively selecting a quanti�er from the inner�
most block� moving it inside as far as possible� and eliminating
it�

��� Generic Quanti�er Elimination

The following variant of rlqe enlarges the theory by disequations� i�e��
���atomic formulas� wherever this simpli�es the quanti�er elimination� For
geometric problems it has turned out that in most cases the additional as�
sumptions made are actually non�degeneracy conditions� The method has
been described in detail in �DSW���� see Chapter 
 �References�� page 	�� It
has also turned out useful for physical problems such as network analysis�
see �Stu��� �Chapter 
 �References�� page 	���

Functionrlgqe formula �theory�
Generic quanti�er elimination� formula contains either only ex�
istential or only universal quanti�ers� Returns a list �th�f�
such that th is a superset of theory adding only disequations�
and f is a �hopefully� quanti�er�free formula equivalent to for�
mula assuming th� For restrictions and options compare rlqe
�see Chapter � �Quanti�er Elimination and Variants�� page ����

Functionrlgqea formula �theory�
Generic quanti�er elimination with answer� formula contains
either only existential or only universal quanti�ers� Returns a
list consisting of a theory and an elimination answer� Com�
pare rlqea �see Chapter � �Quanti�er Elimination and Variants��
page ��� and rlgqe �see Chapter � �Quanti�er Elimination and
Variants�� page ����

After applying generic quanti�er elimination the user might feel that the
result is still too large while the theory is still quite weak� There is a function
rlgentheo which simpli�es a formula by making further assumptions �see
Chapter � �Miscellaneous�� page 		��



Chapter �� Quanti�er Elimination and Variants 	�

Switchrlqegenct
Quanti�er elimination generate complex theory� This is on by
default� which allows to assume inequalities over non�monomial
terms with the generic quanti�er elimination�

��� Linear Optimization

There is an optimization method implemented� which uses the built�in
quanti�er elimination� encoding the target function by an additional con�
straint including a dummy variable� This optimization technique has been
described in �Wei��a�� see Chapter 
 �References�� page 	��

Functionrlopt constraints target
Linear optimization� constraints is a list of parameter�free
atomic formulas built up with �� ��� or ��� target is a poly�
nomial over the rationals� target is minimized subject to con�
straints� The result is either infeasible or a two�element list�
the �rst entry of which is the optimal value� and the second
entry is a list of points�each one given as a substitution list�
where target has this value� The point list does� however� not
contain all such points� For unbound problems the result is
��infinity�����

Switchrlopt�s
Optimization one solution� This is o� by default� If on� rlopt
returns at most one solution point�
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� Miscellaneous

��� Global Switches

Switchrlsimpl
Simplify� By default this switch is o�� With this switch on� the
function rlsimpl is applied at the expression evaluation stage�

Switchrlrealtime
Real time� By default this switch is o�� If on it protocols the
wall clock time needed for redlog commands in seconds� In
contrast to the built�in time switch� the time is printed above
the result�

Switchrlverbose
Verbose� By default this switch is o�� It toggles verbosity output
with some redlog procedures� The verbosity output itself is
not documented up to now�

��� Analyzing Formulas

Data Structuremultiplicity list
A list of 	�element�lists containing an object and the number of
its occurrences� Names of functions returning multiplicity lists
typically end with �ml��

Functionrlatl formula
List of atomic formulas� Returns the set of atomic formulas
contained in formula as a list�

Functionrlatml formula
Multiplicity list of atomic formulas� Returns the atomic formu�
las contained in formula in a multiplicity list�

Functionrlifacl formula
List of irreducible factors� Returns the set of all irreducible
factors of the nonzero terms occurring in formula�

rlifacl�x���
��
��
� �x 	 ��x 
 ��

Functionrlifacml formula
Multiplicity list of irreducible factors� Returns the set of all
irreducible factors of the nonzero terms occurring in formula in
a multiplicity list�
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Functionrlterml formula
List of terms� Returns the set of all nonzero terms occurring in
formula�

Functionrltermml formula
Multiplicity list of terms� Returns the set of all nonzero terms
occurring in formula in a multiplicity list�

Functionrlstruct formula kernel
Structure of a formula� Returns a list �f�sl�� f is con�
structed from formula by replacing each occurrence of a term
with a kernel constructed by adding a number to kernel� The
substitution list sl contains all substitions to obtain formula
from f�

rlstruct�x�y�
 and �x�
 or y�
��v��
� �v� � 
 and �v� � 
 or v� � 
��

�v� � x�y�v� � x�v� � y��

Functionrlifstruct formula kernel
Irreducible factor structure of a formula� Returns a list �f�sl��
f is constructed from formula by replacing each occurrence of an
irreducible factor with a kernel constructed by adding a number
to kernel� The returned substitution list sl contains all substi�
tions to obtain formula from f�

rlstruct�x�y�
 and �x�
 or y�
��v��
� �v��v� � 
 and �v� � 
 or v� � 
��

�v� � x�v� � y��

��� Other Stu


Functionrlatnum formula
Number of atomic formulas� Returns the number of atomic for�
mulas contained in formula� Mind that truth values are not
considered atomic formulas�

Functionrltnf formula terml
Term normal form� terml is a list of terms� This com�
bines dnf computation with tableau ideas� A typical choice
for terml is rlterml formula� If the switch rltnft is o�
rltnf	formula�rlterml formula� returns a dnf�

Switchrltnft
Term normal form tree variant� By default this switch is on
causing rltnf to return a deeply nested formula�
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Functionrlgentheo theory formula �exceptionlist�
Generate theory� formula is a positive quanti�er�free formula�
exceptionlist is a list of variables empty by default� rlgentheo
extends theory with inequalities not containing any variables
from exceptionlist as long as the simpli�cation result is better
wrt� this extended theory� Returns a list �extended theory� sim�
pli�ed formula��
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